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Abstract

The next generation of wireless systems is being shaped by the demands of high-
mobility scenarios such as high-speed rail, vehicle-to-everything communication,
low-Earth-orbit satellite links, and unmanned aerial vehicle networks. In these
environments the wireless channel becomes doubly dispersive in both time and
frequency, and the orthogonality of the subcarriers used by conventional Orthogonal
Frequency Division Multiplexing (OFDM) breaks down, leading to severe inter-
carrier interference and a sharp degradation in error performance. Orthogonal Time
Frequency Space (OTFS) modulation partially addresses this problem by operating
in the delay-Doppler domain, but its two-dimensional frame structure introduces
high pilot overhead and substantial detection complexity. Affine Frequency Divi-
sion Multiplexing (AFDM), a chirp-based waveform built on the Discrete Affine
Fourier Transform (DAFT), has emerged as a strong candidate for high-mobility
transmission, achieving full delay-Doppler diversity through a one-dimensional
transform with substantially lower pilot overhead and detection complexity than
OTFS. This research investigates the design and performance analysis of index-
modulated AFDM waveforms together with the Variational Bayesian and message
passing detection frameworks needed to demodulate them under doubly dispersive
channels. The early phase of the work develops two index modulation schemes on
the OTFS waveform that establish the design template the AFDM chapters build
upon, namely an enhanced spatial modulation scheme and a generalized dual-mode
index modulation scheme. ESM-OTFS is demodulated by a Variational Bayesian
Inference detector that jointly recovers the active indices and the modulation
symbols through closed-form Gaussian and Gamma updates, while OTFS-GDM-IM
is demodulated by ML and LLR detectors.

Three Bayesian and message passing detectors are then developed for the con-
ventional AFDM waveform. A Vector Approximate Message Passing detector with
preconditioned conjugate gradient linear estimation reduces the equalization cost
from cubic to quadratic in the frame length, a multi-path parallel interference
cancellation detector exploits the per-path sparsity of the DAFT-domain effective
channel matrix at near-linear complexity, and a Variational Bayesian detector
for AFDM receivers with low-resolution analog-to-digital converters uses a trun-
cated Gaussian likelihood to eliminate the bit error rate saturation floor under
coarse quantization. Building on this detection foundation, three index modulation



schemes are then developed on AFDM together with a sparse Bayesian detector
tuned to the structured sparsity of the AFDM-IM transmit vector. AFDM with
generalized index modulation allows the number of active subcarriers per subblock
to vary across a permitted set, AFDM with quadrature index modulation extends
subcarrier index modulation to operate independently on the in-phase and quadra-
ture components and is supported by a pairwise error probability analysis, and a
Variational Bayesian Sparse Bayesian Learning detector exploits the structured
sparsity of the AFDM-IM transmit vector through a hierarchical Gaussian-Gamma
prior with closed-form iterative updates that avoid matrix inversion and deliver
substantial bit error rate gains over MMSE detection in high-Doppler channels.

The thesis then develops dual-mode and multi-mode index modulation on
AFDM. AFDM-DM-IM activates every subcarrier of a subblock through two disjoint
constellation alphabets and is detected by three baseline schemes (ML, MMSE-ML,
MMSE-LLR) and two proposed message passing detectors that jointly infer the
symbols and the activation patterns through an inline belief propagation module.
The VAMP-DMDIM detector adapts the preconditioned conjugate gradient VAMP
framework to the dual-mode prior, while the GAMP-DMDIM detector replaces the
conjugate gradient step with direct output and input message updates augmented
by adaptive damping, variance flooring, an Onsager bypass at high SNR, and a
divergence-detection reset, consistently outperforming MMSE-LLR and VAMP-
DMDIM in bit error rate. AFDM-MM-IM further generalizes the construction
by modulating every subcarrier with a symbol drawn from one of several distinct
constellations, with the full permutation of modes carrying factorial-order index
information, demodulated by an LLR-based greedy detector, a Viterbi-based
trellis detector, and a sphere decoding based near-ML detector. A pairwise error
probability analysis of the average bit error rate is derived for both schemes using
the moment generating function of the codeword difference correlation matrix.
Simulations over the doubly dispersive channel confirm that the proposed schemes
significantly outperform classical AFDM, AFDM-IM, OFDM-MM, and OTFS-MM
in bit error rate at comparable spectral efficiencies, establishing a coherent family
of index-modulated AFDM schemes for next-generation high-mobility wireless
communication.
Keywords: Affine frequency division multiplexing, doubly dispersive channels,
high-mobility wireless communication, index modulation, dual-mode index modula-
tion, multi-mode index modulation, variational Bayesian inference, message passing
detection, pairwise error probability.
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Chapter 1

Introduction

The evolution of wireless communication from analog voice to fully digital broadband

networks has been driven by the simultaneous expansion of two performance

requirements, namely the data rate available to each user and the mobility profile

under which that rate must be sustained. Fig. 1.1 summarizes this trajectory

across approximately five decades. The first generation (1G), introduced in the

early 1980s, supported analog voice transmission at approximately 2.4 Kbps for

pedestrian users. The second generation (2G) introduced digital voice through

GSM, GPRS, EDGE, and TDMA at 50 Kbps and added text messaging, while

supporting stationary or low-mobility users. The third generation (3G), realized

through UMTS and IMT-2000, increased the data rate to 21 Mbps and enabled

multimedia services on mobile handsets. The fourth generation (4G) Long-Term

Evolution (LTE) delivered data rates up to 100 Mbps with latency near 10 ms and

supported mobility up to 350 km/h, enabling mobile television and mobile Internet

at vehicular speeds. The fifth generation (5G) New Radio achieved peak data rates

of 20 Gbps with a latency of 1 ms and a mobility ceiling of 500 km/h, supporting

wearable devices, the Internet of Things, and smart city deployments.

The sixth generation (6G), targeted for commercial deployment around 2030,

departs substantially from this evolutionary pattern. Data rates exceeding 1 Tbps,

latencies in the 10 to 100 µs range, and mobility profiles beyond 1000 km/h are
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Figure 1.1: Evolution of wireless communication generations and their mobility,
data rate, latency, and application targets, from 1G analog voice in the 1980s to 6G
envisioned for 2030

envisioned to support applications such as the tactile Internet, autonomous vehicle

networks, and space tourism. As illustrated in Fig. 1.1, the mobility requirement

increases substantially from pedestrian speeds in 1G to aerospace velocities in 6G,

and this increase imposes significant additional constraints on the physical layer.

Each step along the mobility axis imposes increasingly stringent requirements

on the waveform, the channel estimator, and the detector, to the extent that

OFDM, the waveform used in 4G and 5G, loses its subcarrier orthogonality as

mobility increases, resulting in inter-carrier interference. This thesis addresses the

physical-layer design challenges that arise in this regime.

1.1 The Mobility Problem in Wireless Commu-

nications

Conventional wireless communication system design has long relied on the assump-

tion that the channel varies slowly relative to the symbol duration. Although

wireless channels are inherently time-varying due to multipath fading, shadowing,

and large-scale path loss, the rate of variation has historically been sufficiently

slow that the channel could be treated as essentially time-invariant over the span
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of a single symbol or a single OFDM frame. The orthogonal frequency division

multiplexing (OFDM) waveform underlying both 4G LTE and 5G NR is fundamen-

tally based on this quasi-static channel assumption, since subcarrier orthogonality

is preserved only when the channel response remains constant over the symbol

duration. This assumption ceases to hold in emerging high-mobility scenarios. Next-

generation wireless systems are being designed for operating conditions in which

mobility is a central rather than incidental factor, including vehicle-to-everything

(V2X) communication at highway speeds, high-speed railways operating above 500

km/h, unmanned aerial vehicles maneuvering through three-dimensional space,

and low-earth-orbit (LEO) satellite links where Doppler shifts can reach hundreds

of kilohertz. These constitute the principal use cases around which 6G is being

designed [1,2]. In each of these scenarios, the channel varies rapidly within a single

transmission and the quasi-static channel assumption is no longer valid.

The mathematical signature of high mobility is the doubly dispersive channel,

which spreads transmitted signals along two axes simultaneously, namely the delay

axis due to multipath propagation and the Doppler axis due to relative motion

between the transmitter and the receiver. A propagation path with delay τi

and Doppler shift νi introduces both a time shift and a frequency shift in the

received signal. When multiple paths coexist, each with distinct (τi,νi) coordinates,

the receiver observes a superposition that cannot be effectively separated using

waveforms designed for one-dimensional dispersion. OFDM exhibits a specific and

well-understood limitation in this regime. Its subcarriers remain orthogonal in

the frequency domain only when the channel response is constant over the symbol

duration. A Doppler shift disrupts this orthogonality by rotating each subcarrier

at a slightly different rate, producing inter-carrier interference (ICI) that scales

with the maximum Doppler shift νmax and subcarrier spacing ∆f as ν2
max/(∆f)2.

At a vehicle velocity of 500 km/h and a carrier frequency of 4 GHz, the maximum

Doppler shift is approximately 1.85 kHz, which represents a substantial fraction of
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a 15 kHz subcarrier spacing and gives rise to significant ICI. In addition, OFDM

achieves only diversity order one over a multipath channel regardless of the number

of available paths, since each subcarrier observes essentially a single frequency-

domain channel tap. The diversity inherent in the multipath structure is therefore

not exploited [3, 4]. These limitations are structural in nature and cannot be

resolved through parameter adjustment alone. The waveform itself, that is, the

choice of basis functions over which information is multiplexed, must be redesigned.

1.2 Towards Delay-Doppler Waveforms

Two waveforms have emerged as principal candidates for high-mobility commu-

nication, and both are based on the same underlying principle, namely that the

doubly dispersive channel admits a simple representation in an appropriately

chosen domain rather than requiring direct compensation in the time-frequency

domain. Orthogonal Time Frequency Space (OTFS) modulation, introduced by

Hadani et al. [5], multiplexes information symbols on a two-dimensional grid in the

delay-Doppler (DD) domain. The transmitter applies an inverse symplectic finite

Fourier transform (ISFFT) followed by a Heisenberg transform, and the receiver

performs the inverse operations. A channel that appears rapidly time-varying in

the time-frequency domain becomes sparse and quasi-static in the DD domain,

with each propagation path contributing a single point at coordinates (τi,νi) [6, 7].

Each transmitted symbol is spread across the entire time-frequency plane, and

consequently each symbol benefits from the full delay-Doppler diversity of the

channel. OTFS has been studied extensively in recent years and has demonstrated

significant advantages. It has been shown to outperform OFDM by a substantial

margin in high-mobility scenarios [8, 9], channel estimation in the DD domain

requires fewer pilots than the corresponding time-frequency approach [10,11], and

the peak-to-average power ratio (PAPR) is well-controlled [12]. However, the

two-dimensional nature of OTFS introduces several practical costs. The pilot
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overhead in a two-dimensional grid is non-negligible, since a typical OTFS pilot re-

gion occupies (4νmax +1)(2τmax +1) resource elements, which reduces the available

data payload when the channel exhibits substantial delay-Doppler spread [13,14].

The transmit and receive processing also requires an additional two-dimensional

transform beyond the standard OFDM front-end. Furthermore, the DD-domain

channel matrix, although sparse, exhibits a quasi-diagonal structure that is not

always amenable to low-complexity detector designs [15].

Affine Frequency Division Multiplexing (AFDM), introduced by Bemani et

al. [16, 17], addresses these limitations. AFDM is based on the discrete affine

Fourier transform (DAFT), which generalizes the discrete Fourier transform (DFT)

through two chirp parameters c1 and c2. With these parameters tuned to the

delay-Doppler profile of the channel, AFDM achieves full diversity over the doubly

dispersive channel using a one-dimensional frame structure. Each transmitted

symbol still experiences the combined effect of all propagation paths, and the

achievable diversity order matches that of OTFS, while the transceiver architecture

resembles that of OFDM with two additional diagonal phase rotations. The

practical consequences of this structure are significant. AFDM retains OFDM

compatibility, requires approximately half the pilot overhead of OTFS [17], and

produces an effective channel matrix in the DAFT domain that is sparse and

banded rather than quasi-diagonal. The banded structure of the AFDM channel

matrix enables low-complexity detection, and a substantial portion of this thesis is

devoted to exploiting this structural property.

1.3 Index Modulation in Multicarrier Systems

Beyond the choice of waveform, a second design dimension that has attracted

considerable research attention is index modulation (IM). In addition to the in-

formation conveyed through the amplitude and phase of modulated symbols, IM

transmits additional bits through the selection of active resources such as subcarri-
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ers, antennas, or time slots [18,19]. The activation pattern itself thereby acts as an

additional information-bearing dimension.The appeal of this dimension is twofold.

Because part of the information is now carried by the choice of which resources are

activated, a given data rate can be met with a smaller signal constellation than

conventional signaling would require; the wider spacing between constellation points

that results improves error performance at no change in rate, and conversely the

same constellation can be made to carry more bits. Just as importantly, confining

the active resources to a chosen pattern imposes a known, structured sparsity on

the transmitted vector, so that detection reduces to jointly identifying this active

support and the symbols carried on it, a problem for which the message passing and

Bayesian methods developed in this thesis are naturally suited. Index modulation

is therefore not merely a means of raising spectral efficiency but a way of shaping

the transmitted signal so that it is more readily recovered.

The most widely studied variant is OFDM with index modulation (OFDM-IM),

in which only a subset of subcarriers within each subblock is activated and the

activation pattern encodes the index bits [20]. OFDM-IM provides measurable

improvements in spectral and energy efficiency, but it leaves a portion of the

subcarriers inactive, which represents an inefficient use of available resources.

Dual-mode OFDM-IM [21] addresses this inefficiency by replacing the inactive

subcarriers with symbols drawn from a second, distinguishable constellation. Multi-

mode variants [22] extend this approach further by assigning permutations of

distinct constellations across subcarriers.

Analogous developments have been carried out for OTFS, including OTFS with

index modulation (OTFS-IM) [23], OTFS with improved IM [24], dual-mode OTFS-

IM [25], and multi-mode OTFS-IM [26], each occupying a different position on

the spectral-efficiency to reliability trade-off curve. For AFDM, the corresponding

literature is considerably sparser. AFDM with index modulation (AFDM-IM) has

been investigated in [27,28], but the more sophisticated variants, namely dual-mode,



Detection of Index-Modulated Waveforms 7

generalized, quadrature, and multi-mode index modulation tailored to AFDM, were

largely unexplored at the outset of this work. Given the strong fundamentals

of AFDM as a delay-Doppler waveform, this represents a substantive gap in the

literature, and a major component of this thesis is directed toward addressing this

gap.

1.4 Detection of Index-Modulated Waveforms

A delay-Doppler waveform combined with index modulation requires an effective

detector for its practical realization, and this requirement presents significant

difficulties. Maximum likelihood (ML) detection is optimal in principle but exhibits

complexity that grows exponentially with the number of subcarriers, rendering it

infeasible for any frame of practical size. Linear receivers such as the minimum mean-

square error (MMSE) detector provide a reasonable performance baseline but require

an N ×N matrix inversion at a cost of O(N3) operations per channel realization,

and they do not exploit the discrete structure of the constellation. Between these

two extremes lies a family of message passing and Bayesian inference algorithms

that exploit the sparse structure of the channel matrix to achieve near-optimal

performance at substantially lower computational cost. Approximate message

passing (AMP) [29] performs well for independent and identically distributed

Gaussian measurement matrices but is prone to divergence on the structured

matrices that arise in AFDM and OTFS. Vector AMP (VAMP) [30] relaxes the

i.i.d. requirement to right-orthogonal invariance, a condition that AFDM channels

approximately satisfy. VAMP provides strong convergence guarantees, but its

standard formulation requires a singular value decomposition of the channel matrix

at a cost of O(N3) per channel realization. Generalized AMP (GAMP) [31] extends

the framework to accommodate arbitrary priors and likelihoods, including the

nonlinear quantization effects that arise when low-resolution analog-to-digital

converters are employed at the receiver.
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Variational Bayesian (VB) inference provides an additional inference framework.

By approximating the intractable posterior distribution with a factorized variational

distribution and maximizing the evidence lower bound (ELBO), VB methods

incorporate sparsity priors, quantization constraints, and discrete constellation

structure in a principled manner [32,33]. The mean-field factorization reduces the

complexity from exponential to linear in the frame size, which renders the approach

computationally tractable. None of these inference tools were originally developed

for AFDM or for AFDM with index modulation, and their adaptation, together

with the development of new variants where required, constitutes a substantial

portion of the contributions presented in this thesis.

1.5 Low-Resolution Analog-to-Digital Conversion

A further practical consideration concerns the use of low-resolution analog-to-digital

converters (ADCs) in modern wireless receivers, particularly in massive MIMO and

millimeter-wave systems. The motivation for low-resolution conversion is power

consumption, since ADC power consumption scales approximately as 2b for b-bit

resolution, and a reduction from 12 bits to 3 or 4 bits yields substantial power

savings [34, 35]. However, low-resolution quantization is a nonlinear operation,

and conventional linear receivers do not accommodate this nonlinearity effectively.

The Bussgang decomposition [36] provides a linear approximation that performs

adequately at moderate resolutions but degrades significantly at 3 bits or below,

where the bit error rate (BER) floor remains essentially constant with increasing

signal-to-noise ratio (SNR). To overcome this floor, the detector must explicitly

model the truncated-Gaussian likelihood induced by quantization. Variational

Bayesian methods are well-suited to this requirement, and one of the contributions

of this thesis is a VB detector developed specifically for AFDM with low-resolution

ADCs.
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1.6 Contribution of Thesis

This thesis contributes to the design of waveforms and receivers for high-mobility

wireless communication, with particular emphasis on index modulation schemes

built on AFDM and the detection algorithms required to recover information from

them. The work is motivated by the observation that AFDM, despite its strong

fundamentals as a delay-Doppler waveform, has received considerably less attention

than OTFS in the context of index modulation. This represents a substantive gap in

the literature, since several established techniques from the OFDM-IM and OTFS-

IM literatures, including dual-mode, multi-mode, generalized, and quadrature

variants, have not been systematically extended to AFDM. This thesis addresses

this gap through the contributions outlined below. Two index modulation schemes

for OTFS are developed as foundational work that supports the AFDM-focused

chapters that follow. An enhanced spatial modulation variant of OTFS (ESM-

OTFS) is proposed, which combines the delay-Doppler diversity of OTFS with the

spectral and energy efficiency of spatial modulation. Two detectors are developed

for ESM-OTFS, namely an MMSE-based linear detector that serves as a baseline

and a Variational Bayesian inference detector that exploits the sparsity of the

transmit vector and jointly recovers the active antenna pattern and the modulated

symbols within a single inference procedure. In addition, a generalized dual-mode

index modulation scheme for OTFS (OTFS-GDM-IM) is proposed, accompanied

by ML and log-likelihood ratio (LLR) detectors. These OTFS contributions are

independently meaningful and additionally provide the framework upon which

several of the AFDM detectors developed in subsequent chapters are constructed.

The AFDM detection problem is then addressed through three detectors of pro-

gressively increasing structural complexity. A Vector AMP detector incorporating

preconditioned conjugate gradient iterations is developed to replace the standard

singular value decomposition, reducing the per-iteration complexity from cubic to

quadratic in the frame size while preserving the detection performance of standard
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VAMP. A multi-path parallel interference cancellation detector is also developed

that exploits a structural property unique to AFDM, namely the complete delay-

Doppler separation of propagation paths in the DAFT-domain channel matrix,

by constructing independent Bayesian estimates from each path and subsequently

combining them through interference cancellation. A Variational Bayesian detector

is additionally developed for AFDM with low-resolution ADCs. This detector

models the truncated-Gaussian likelihood induced by quantization directly rather

than relying on the linearizing Bussgang approximation, and consequently main-

tains effective operation at 3-bit and 4-bit ADC resolutions where Bussgang-based

receivers exhibit a pronounced BER floor.

Generalized and quadrature index modulation schemes for AFDM are proposed

together with a sparse Bayesian detector for the AFDM-IM family. Generalized

AFDM-IM (AFDM-GIM) relaxes the fixed-activation constraint of conventional

AFDM-IM by allowing the number of active subcarriers in each subblock to vary,

which enlarges the pattern space and increases the spectral efficiency. Quadrature

AFDM-IM (AFDM-QIM) encodes index bits independently on the in-phase and

quadrature components, which doubles the index-bit capacity for a given active-

subcarrier count. For the baseline AFDM-IM, a Variational Bayesian detector

employing a hierarchical Gaussian-Gamma sparsity prior is developed. The prior

captures the structured sparsity of the index-modulated transmit vector, and the

inference procedure jointly recovers the active pattern and the symbol values. A

dual-mode index modulation scheme for AFDM (AFDM-DM-IM) is then proposed

that activates all subcarriers within each subblock. The inactive subcarriers that are

inherent to AFDM-IM and represent an inefficiency are eliminated by modulating

each subcarrier with one of two disjoint constellations, where the index pattern

determines which constellation is applied to each subcarrier and all subcarriers thus

carry information. Three detectors are developed for this scheme. An MMSE-ML

detector is presented as a baseline. A low-complexity MMSE-LLR detector is
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developed for practical frame sizes where ML detection becomes infeasible. The

principal contribution in this context is a pair of message passing detectors, namely

VAMP-DMDIM and GAMP-DMDIM, that jointly estimate the symbols and the

mode assignments through an inline belief propagation module, and that achieve

performance close to ML detection while maintaining complexity comparable to

MMSE.

A multi-mode index modulation framework for AFDM (AFDM-MM-IM) is

then developed that employs full permutations of distinct constellations across

the subcarriers of each subblock. The factorial growth in the number of index

patterns provides spectral efficiency that exceeds what dual-mode and single-mode

variants can support. Three detectors are developed to span a range of complexity-

performance trade-offs. A greedy LLR-based detector operates at the lowest

complexity level. A Viterbi-style trellis detector occupies an intermediate position,

and a sphere decoding detector approaches ML performance with a complexity

that grows only moderately with the frame size. A closed-form average BER

bound is derived using the pairwise error probability framework, which enables

analytical comparison against the simulation results. Across these chapters, the

thesis develops a coherent body of work on AFDM-based index modulation and

the associated detection problems. The proposed schemes include AFDM-GIM,

AFDM-QIM, AFDM-DM-IM, and AFDM-MM-IM, together with the OTFS-based

ESM-OTFS and OTFS-GDM-IM schemes that serve as foundational work. The

detectors developed range from low-complexity Bayesian and message passing

variants to sphere-decoding and trellis-based near-ML detectors, and they include a

variational Bayesian receiver tailored to low-resolution ADC scenarios. Collectively,

these contributions establish AFDM as a strong candidate waveform for 6G high-

mobility communication and provide a set of design tools that can be applied or

extended in subsequent research.
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1.7 Organization of Thesis

The thesis is organized into eight chapters. Chapter 2 surveys the literature

on which the subsequent work builds, covering high-mobility waveforms such as

OTFS and AFDM, the index modulation techniques developed for OFDM and

OTFS, the detection algorithms used to recover information from index-modulated

waveforms, and the practical considerations arising from low-resolution analog-

to-digital conversion. The chapter concludes by identifying the specific gaps in

the AFDM literature that the subsequent chapters address. Chapter 3 develops

two index modulation schemes for OTFS that serve as foundational work for

the AFDM-focused chapters. An enhanced spatial modulation variant of OTFS

(ESM-OTFS) is proposed and supported by an MMSE baseline detector and a

Variational Bayesian inference detector. A generalized dual-mode index modulation

scheme (OTFS-GDM-IM) is also presented, together with ML and LLR detectors.

The OTFS framework and the variational inference machinery introduced in this

chapter are carried over to the AFDM setting in the chapters that follow.

Chapter 4 introduces the AFDM system model in detail and develops three

Bayesian and message passing detectors, namely a low-complexity Vector AMP

detector that replaces the singular value decomposition step with preconditioned

conjugate gradient iterations, a multi-path parallel interference cancellation de-

tector that exploits the delay-Doppler path separation property of AFDM, and

a Variational Bayesian detector tailored to AFDM with low-resolution ADCs.

Chapters 5 through 7 build on this detection framework and present the principal

index modulation contributions of the thesis. Chapter 5 proposes generalized and

quadrature index modulation schemes for AFDM (AFDM-GIM and AFDM-QIM)

and a sparse Bayesian detector for the AFDM-IM family based on a hierarchical

Gaussian-Gamma sparsity prior. Chapter 6 develops a dual-mode index modulation

scheme (AFDM-DM-IM) that activates all subcarriers within each subblock and

supports it with MMSE-ML, MMSE-LLR, and message passing detectors based on
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VAMP and GAMP. Chapter 7 develops a multi-mode index modulation framework

(AFDM-MM-IM) employing full permutations of distinct constellations across sub-

carriers, together with greedy LLR, Viterbi-trellis, and sphere decoding detectors

and a closed-form pairwise error probability bound. Chapter 8 concludes the thesis

with a summary of the principal findings, a discussion of their implications for

AFDM as a candidate waveform for 6G high-mobility systems, and an outline of

directions for future research.



Chapter 2

Background and Literature

Review

This chapter reviews the body of work on which the rest of the thesis builds. The

survey is organized around four themes: the waveforms developed for high-mobility

communication, the index modulation techniques overlaid on these waveforms, the

detection algorithms used to recover the transmitted information, and the practical

issues introduced by low-resolution analog-to-digital converters. The aim is not to

be exhaustive. The wireless literature on each of these topics is large, but the point

here is to characterize the relevant prior work in enough detail that the specific

gaps addressed in later chapters become clear.

2.1 From OFDM to Delay-Doppler Waveforms

2.1.1 OFDM and its Limitations

Orthogonal Frequency Division Multiplexing has been the dominant multicarrier

scheme in wireless systems for two decades. Its underlying principle, namely the

decomposition of a frequency-selective channel into parallel approximately flat

subchannels via a discrete Fourier transform, works well when the channel is
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approximately static within the symbol duration. This assumption has held for

4G LTE and 5G NR in most practical deployments, and the resulting modulation

scheme underlies most contemporary wireless infrastructure.

OFDM degrades when the channel varies rapidly. Doppler shifts cause subcarri-

ers to lose orthogonality, and the resulting inter-carrier interference grows with the

square of the normalized Doppler spread. Hwang et al. [3] surveyed OFDM and

its wireless applications and identified these limitations. More recent assessments

have argued that as wireless systems progress towards 6G, with its emphasis on

high-mobility scenarios, OFDM performance will become a binding constraint [2,4].

Several modifications have been proposed to make OFDM more robust to

mobility. Pulse shaping, ICI self-cancellation, and decision-feedback equalization

[37] have all been explored. These help, but none of them recover the diversity

inherent in the multipath structure. OFDM remains diversity-order-one regardless

of the number of propagation paths, because each subcarrier sees only one tap of

the frequency-domain channel.

A separate line of work explored alternative chirp-based waveforms. Orthogonal

Chirp Division Multiplexing (OCDM), introduced by Ouyang and Zhao [38], uses

chirp signals generated via the discrete Fresnel transform. OCDM is more resilient

to multipath than OFDM, but its fixed chirp rate limits how much delay-Doppler

diversity it can exploit. This limitation motivated waveforms with tunable chirp

parameters.

2.1.2 Orthogonal Time Frequency Space Modulation

OTFS was introduced by Hadani et al. in 2017 [5], and the subsequent years

have produced a substantial body of work on it. The central idea is that a doubly

dispersive channel, while it appears rapidly time-varying in the time-frequency

domain, is essentially time-invariant in the delay-Doppler domain. Each propagation

path contributes a single point in the DD plane, and the channel response over
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many transmitted symbols is characterized by a small number of complex gains at

distinct delay-Doppler coordinates.

OTFS exploits this by multiplexing symbols on a two-dimensional grid in the

DD domain. The transmitter applies an inverse symplectic finite Fourier transform

(ISFFT) to convert DD symbols to the time-frequency domain, followed by a

Heisenberg transform to produce the time-domain signal. The receiver reverses

these operations. Each transmitted symbol is spread across the entire time-frequency

plane, so each symbol experiences the diversity of all propagation paths, achieving

full delay-Doppler diversity.

Performance studies have confirmed the predicted benefits. Hadani et al. [8]

evaluated OTFS in millimeter-wave systems and reported significant BER gains

over OFDM. Surabhi et al. [39] analyzed the diversity of uncoded OTFS rigorously

and showed that with appropriate symbol mappings, OTFS achieves diversity order

equal to the number of paths. Raviteja et al. developed practical detectors [7, 11]

and showed how OTFS could be implemented as an OFDM overlay with pre- and

post-processing modules. The PAPR properties were studied by Surabhi et al. [12].

Channel estimation methods using embedded pilots were proposed by Raviteja et

al. [40] and developed further in subsequent work [10].

The two-dimensional structure of OTFS enables full diversity but also introduces

overhead. The pilot region required for channel estimation occupies a 2D patch

of resource elements, typically (4νmax + 1)(2τmax + 1) symbols, which can be a

substantial fraction of the frame in channels with large delay and Doppler spread.

The transceiver requires a 2D transform in addition to standard OFDM processing,

which adds implementation cost. The effective channel matrix in the DD domain,

while sparse and structured, has a quasi-diagonal pattern that does not always

admit the simplest detector designs.

MIMO extensions of OTFS have been studied extensively [9, 13–15]. These

add implementation complexity but also further diversity. Channel estimation for
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MIMO-OTFS, particularly in the massive MIMO regime, has been a major focus.

2.1.3 Affine Frequency Division Multiplexing

AFDM was introduced by Bemani et al. in 2021 [16] and developed more fully

in their 2023 paper [17]. The underlying idea is that the discrete affine Fourier

transform (DAFT), which generalizes the DFT through two chirp parameters c1

and c2, can be adapted to a specific channel’s delay-Doppler profile more flexibly

than the DFT. With the parameters chosen appropriately, the effective channel

matrix in the DAFT domain becomes sparse and banded, with each propagation

path occupying a distinct set of entries.

What distinguishes AFDM is that it achieves the same full diversity as OTFS

using a one-dimensional frame structure. The transmitter resembles an OFDM

transmitter with two additional diagonal phase rotations applied before and after

the DFT. The chirp-periodic prefix replaces the cyclic prefix and serves the same

function, making the multipath channel effectively circular for the DAFT operation,

but with a phase correction that accounts for the quadratic-phase character of the

AFDM signal.

The pilot overhead in AFDM is approximately half that of OTFS [17], because

the embedded pilot needs only a one-dimensional guard region rather than a two-

dimensional one. Channel estimation methods have been developed by Bemani et

al. [17] and refined in subsequent work [41,42] to handle fractional Doppler shifts.

The structure of the DAFT-domain effective channel matrix has been studied

in detail. With c1 = (2αmax +1)/(2N),where αmax denotes the maximum Doppler

shift normalised to the subcarrier spacing and c2 chosen as an irrational number or

a rational with denominator larger than 2N , each propagation path contributes to

a distinct set of column indices in the effective channel matrix [17]. For integer

Doppler shifts, each path contributes exactly one non-zero per row. For fractional

Doppler, the non-zeros spread over 2ξν +1 columns, where ξν is the integer guard
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parameter that bounds the number of adjacent columns retained on either side of the

nominal path location, but the path separation property still holds approximately.

Comparative studies of AFDM and OTFS have been carried out in several

works [43], and the general finding is that AFDM matches OTFS in diversity

performance while offering lower pilot overhead and simpler implementation. This

makes AFDM a strong candidate for 6G high-mobility systems, and a growing

body of work has explored extensions: AFDM with sparse code multiple access

(AFDM-SCMA) [44] for massive connectivity, integrated sensing and communication

using AFDM [45,46], and DFT-based modulation and demodulation schemes for

backward compatibility with OFDM [47].

Low-complexity detection for AFDM has been an active area. Bemani et al. [48]

proposed two detectors that exploit the sparsity of the effective channel matrix.

Subsequent work has developed message passing methods [49,50] and orthogonal

AMP variants tailored to the AFDM channel structure. The detection problem is

still an open area, and a substantial part of the present thesis contributes to it.

2.2 Index Modulation Techniques

2.2.1 The Index Modulation Concept

Index modulation conveys information through the selection of which resources are

activated for transmission, in addition to or in place of the conventional modulation

of those resources. The resources can be subcarriers, antennas, time slots, spreading

codes, or other discrete entities. Mao et al. [18] provide a thorough survey of the

field, and Basar et al. [19] cover the next-generation perspective.

IM offers two main advantages. It increases spectral efficiency without resorting

to higher-order constellations, which would otherwise reduce minimum Euclidean

distance and degrade BER. And by activating only a fraction of available resources

at any given time, IM reduces energy consumption and inter-carrier interference.
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The trade-offs are non-trivial. Inactive resources represent unused capacity, and

the detector has to recover the activation pattern in addition to the symbols. In

many scenarios, however, the gains outweigh the costs.

2.2.2 OFDM with Index Modulation and its Variants

OFDM-IM was proposed by Basar et al. [20] as the original combination of OFDM

with index modulation. In OFDM-IM, the N subcarriers are divided into subblocks

of length L, and within each subblock K out of L subcarriers are activated to carry

QAM symbols. The activation pattern conveys ⌊log2
(︂

L
K

)︂
⌋ index bits.

The original scheme leaves L−K subcarriers idle per subblock, which is ineffi-

cient. Several variants address this. OFDM with Generalized IM [51] allows the

number of active subcarriers to vary across subblocks, increasing the pattern space

and hence the index bits. OFDM with In-phase/Quadrature IM [52] uses the I and

Q components of complex symbols as independent index-modulation domains.

Dual-mode OFDM-IM (DM-OFDM) [21,53] addresses the idle-subcarrier prob-

lem differently. Instead of leaving subcarriers inactive, it modulates them with

symbols from a second, distinguishable constellation. The index pattern selects

which constellation modulates which subcarrier, and all subcarriers are active. The

total spectral efficiency increases, and the minimum Euclidean distance properties

can be tuned by choosing the two constellations appropriately.

Multi-mode OFDM-IM (MM-OFDM-IM) [22] generalizes the dual-mode ap-

proach by using more than two distinguishable constellations and full permutations

of them across subcarriers. The number of index patterns grows factorially with

the subblock length, substantially increasing spectral efficiency. Composite general-

izations that jointly optimize mode assignment and subcarrier grouping have been

proposed [54].

IM has also been integrated with multiple access schemes. Index modulation

multiple access (IMMA) [55] extends non-orthogonal multiple access (NOMA)
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principles using IM for resource activation. Spatial modulation [56, 57] and its

enhanced [58] and quadrature [59] variants apply the index modulation principle

to transmit antennas. Multi-UAV cooperative NOMA with IM has been studied

for air-ground networks [60].

2.2.3 OTFS with Index Modulation

The extension of IM to OTFS has been investigated in several papers. Liang et

al. [23] introduced OTFS-IM, where a subset of DD-grid points are activated to

carry QAM symbols. The performance was shown to exceed that of OFDM-IM in

high-mobility scenarios, owing to the underlying diversity advantage of OTFS.

OTFS with improved IM (OTFS-IIM) [24] sends each index bit twice for error

protection, trading spectral efficiency for reliability. Dual-mode OTFS-IM (OTFS-

DM-IM) [25] activates all DD-grid points and assigns one of two constellations to

each, removing the resource-waste penalty of OTFS-IM. Multi-mode OTFS-IM [26]

uses permutations of multiple distinguishable constellations, achieving spectral

efficiencies well beyond what dual-mode schemes can support.

A parallel line of work has used delay-Doppler indexing in different ways. Francis

et al. [61] studied diversity and PAPR enhancements through indexing. Zhao et

al. [62] extended dual-mode IM to fractional Doppler channels. The relationship

between OTFS-IM and OTFS with subcarrier number modulation is explored

in [63].

Detectors for OTFS-IM range from ML and LLR-based methods to deep

learning approaches [23,24]. Deep learning detectors specifically for OFDM-IM and

DM-OFDM [64,65] have been adapted to the OTFS setting, often with favorable

complexity-performance trade-offs at the cost of training overhead.
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2.2.4 Current State of AFDM with Index Modulation

The literature on AFDM-IM is considerably less developed than the corresponding

OTFS and OFDM literatures, and this is one of the gaps the present thesis

addresses.

Zhu et al. [27] developed AFDM-IM along the lines of OFDM-IM, with subcarrier

activation patterns conveying index bits while active subcarriers carry QAM symbols.

Tao et al. [28] presented a similar scheme with different design choices. Both works

show that AFDM-IM inherits the full delay-Doppler diversity of AFDM while

gaining the spectral efficiency benefits of index modulation.

Beyond these basic schemes, additional variants have been proposed but the

coverage is incomplete. Integrating IM with repetition coding (IMRC-AFDM) [66]

improves diversity at the cost of spectral efficiency. AFDM with pre-chirp index

modulation (AFDM-PIM) [67] embeds information in chirp parameters rather than

subcarrier indices. CDD-AFDM-IM [68] combines cyclic delay diversity with IM

for multi-antenna systems.

What was largely missing when the present work began were the dual-mode,

multi-mode, generalized, and quadrature variants that have proven effective in

the OFDM and OTFS contexts. The structural properties of the AFDM effective

channel matrix, sparse and banded but distinct in its precise form from OFDM

and OTFS, raise specific questions about how these schemes should be adapted

to AFDM and how they should be detected. Addressing these questions is the

principal subject of Chapters 5, 6, and 7.

2.3 Detection Algorithms

The detection problem for index-modulated waveforms is harder than the corre-

sponding problem for conventional waveforms, because the receiver must recover

not only the transmitted symbols but also the index patterns. Several families
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of detectors have been developed, each with different complexity-performance

trade-offs.

2.3.1 Classical and Linear Detectors

The optimal detector is maximum likelihood (ML), which jointly searches over all

valid combinations of index patterns and symbols. ML is computationally infeasible

for realistic frame sizes because its complexity is exponential in the number of

subcarriers, but it serves as a useful performance benchmark.

Linear receivers based on zero-forcing or minimum mean-squared error (MMSE)

equalization are the standard choice for practical systems. Both require an N ×N

matrix inversion at costO(N3) per channel realization. They produce a soft estimate

of the transmitted vector that is then processed further, by energy detection, LLR

computation, or hard-decision decoding, to recover both symbols and index patterns.

The main limitation of linear receivers in the index-modulation context is that they

treat the transmit vector as an unstructured Gaussian quantity, ignoring both the

discrete constellation structure and the sparsity induced by index modulation. The

resulting gap to ML at high SNR is substantial.

2.3.2 Message Passing and Approximate Message Passing

Message passing methods exploit the sparse structure of the effective channel matrix

to achieve near-ML performance at much lower cost. The detection problem is

formulated as inference on a factor graph, with messages passed iteratively between

symbol nodes and observation nodes.

Approximate message passing (AMP), introduced by Donoho et al. [29], provides

a rigorous instantiation of this idea for i.i.d. Gaussian measurement matrices. The

state evolution analysis [69] characterizes the per-iteration MSE in the large-system

limit. AMP achieves near-optimal performance in the i.i.d. Gaussian setting at

O(N2) cost per iteration, where N is the number of subcarriers, equivalently the
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length of the DAFT-domain frame.

The difficulty with AMP is that the i.i.d. Gaussian assumption is rarely satisfied

in practice. The effective channel matrices that arise in OFDM, OTFS, and AFDM

are structured rather than random, and AMP is prone to divergence on such

matrices. Vector AMP (VAMP), proposed by Rangan et al. [30], relaxes the

requirement to right-orthogonal invariance, which is much easier to satisfy. VAMP

comes with rigorous convergence guarantees [70] and works on a much broader

class of channel matrices.

The standard VAMP algorithm requires a singular value decomposition of the

channel matrix in its LMMSE step, again at O(N3) cost per channel realization. For

slowly varying channels this cost is amortized over many transmissions, but for fast-

fading channels it can dominate the receiver complexity. One of the contributions

of this thesis, in Chapter 4, is a VAMP variant that uses preconditioned conjugate

gradient iterations in place of the SVD, reducing per-iteration complexity from

O(N3) to O(N2).

Generalized AMP (GAMP) [31] extends the AMP framework to arbitrary priors

and likelihoods, including discrete priors and nonlinear measurement models. This

makes GAMP particularly applicable to systems with finite constellations and to

low-resolution ADC scenarios. Orthogonal AMP (OAMP) [71] provides another

variant with attractive convergence properties for structured matrices.

Recent message passing work specifically for OTFS and AFDM includes the

matched-filter-based MP algorithm [49], the multi-block UAMP detector [50], and

the orthogonal-AMP-based detector for AFDM [44]. Yuan et al. [72] developed a

unitary AMP detector for OTFS with strong empirical performance. Sharma et

al. [73] proposed expectation propagation for OTFS with fractional Doppler shifts.
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2.3.3 Variational Bayesian Methods

Variational Bayesian (VB) inference provides another route to tractable approx-

imate posteriors. The exact posterior over the unknowns is intractable, so VB

approximates it with a factorized variational distribution and optimizes the param-

eters of that distribution by minimizing the Kullback-Leibler divergence to the true

posterior. This is equivalent to maximizing the evidence lower bound (ELBO), and

the optimization can be carried out with closed-form coordinate ascent updates in

many cases.

VB methods are particularly well-suited to problems with hierarchical structure,

where the prior on the signal of interest itself depends on hyperparameters that

have to be estimated. The Gaussian-Gamma sparse Bayesian learning model of

Tipping [33] is the canonical example: the signal is given a Gaussian prior with

precision parameters drawn from a Gamma hyperprior, and the precisions are

inferred along with the signal. Large posterior precisions correspond to inferred

zero entries, which is how the model enforces sparsity. The space-alternating

variational estimation (SAVE) algorithm of Thomas and Slock [32] provides an

efficient implementation of this idea, and it forms the basis for several detectors

developed in the present thesis.

VB methods have been applied to MIMO-OTFS by Liu et al. [74], who devel-

oped joint channel estimation and signal detection algorithms. The mean-field

factorization underlying VB is closely related to the message passing framework,

and the boundary between the two is not always sharp.

For low-resolution ADC systems, VB inference is particularly attractive because

the truncated-Gaussian likelihood induced by quantization can be incorporated

directly into the variational updates. Bussgang-based linear receivers [75] are the

traditional approach but degrade significantly at very low resolutions. Nguyen et

al. [76] developed VB methods for few-bit massive MIMO with significantly better

performance than the Bussgang baselines.
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2.4 Low-Resolution ADC Receivers

The shift towards low-resolution ADCs in wireless receivers is motivated by power

efficiency. The Walden figure of merit [77] shows that ADC power consumption

scales approximately as 2b for b-bit resolution, so reducing from 12 bits to 3 or 4

bits delivers substantial power savings. This becomes critical in massive MIMO and

millimeter-wave systems, where hundreds or thousands of RF chains are present

and total ADC power can otherwise dominate the receiver power budget [34,35].

The challenge is that quantization is a nonlinear operation, and conventional

linear receiver designs do not accommodate this nonlinearity effectively. The

Bussgang decomposition [36] provides a useful linear approximation by representing

the quantizer output as a scaled version of the input plus an uncorrelated distortion

term. Linear receivers such as B-MMSE [75] exploit this decomposition and work

reasonably well at moderate resolutions, around 5 or 6 bits and above. At 1-bit

and 2-bit resolutions the Bussgang approach exhibits clear limitations, and at very

low SNR even high-resolution scenarios become difficult.

Several papers have developed channel estimation and detection methods specif-

ically for one-bit and few-bit ADCs. Li et al. [75] analyzed channel estimation and

detection performance for one-bit massive MIMO. Mo et al. [78] developed iterative

algorithms for one-bit channel estimation. Spatial Sigma-Delta architectures [79]

use noise-shaping to mitigate quantization effects in the spatial domain.

For AFDM and OTFS systems, the literature on low-resolution ADCs is sparse.

Mehrotra et al. [80] developed sparse channel estimation for MIMO OTFS and

OTSM systems with finite-resolution ADCs, but detection algorithms specifically

tailored to quantized AFDM had not been developed when the present work began.

Chapter 4 of this thesis addresses this gap with a VB detector that handles the

truncated-Gaussian likelihood directly.
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2.5 Background on the DAFT and AFDM Sys-

tem Model

A brief review of the AFDM system model is given here, since most of the subsequent

chapters build on it.

The discrete affine Fourier transform (DAFT) is a unitary transformation

parameterized by two chirp parameters c1, c2 ∈ R. For a length-N signal s, the

DAFT is

S[m] = 1√
N
e−j2πc2m2 N−1∑︂

n=0
e−j2π(mn/N+c1n2)s[n]. (2.1)

In matrix form, S = As = Λc2F Λc1s, where F is the DFT matrix and Λc =

diag(e−j2πcn2) is a diagonal chirp matrix. The DAFT is unitary and reduces to

the DFT when c1 = c2 = 0.

AFDM modulates the DAFT-domain symbol vector x as s = AHx. A chirp-

periodic prefix of length Lcp≥ lmax is appended; this prefix has the form s[n] = s[N+

n]e−j2πc1(N2+2Nn), which preserves the quadratic-phase structure of the DAFT

signal through the multipath channel. Here lmax = ⌈τmax/Ts⌉ is the maximum

path delay expressed in integer samples , where ⌈·⌉ represents the ceiling function,

with τmax the maximum channel delay spread and Ts the sampling interval. The

condition Lcp ≥ lmax ensures that the chirp-periodic prefix absorbs the entire delay

spread, so that the linear convolution with the channel is rendered equivalent to

a circular convolution for the DAFT operation. In practice Lcp is set to lmax for

a known delay profile, or to the delay budget of the deployment scenario when

the profile is unknown, the overhead Lcp/N being the quantity traded against

robustness.

After the doubly dispersive channel and CPP removal, the received signal in

the DAFT domain is

y = Heffx+ w̃, (2.2)

where Heff =∑︁P
i=1hiAΓCPP,i∆fi

ΠliAH collects the contributions of all P propa-
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gation paths, w̃ is the DAFT-domain noise, which is still circular complex Gaussian

by unitarity of A, hi is the complex gain of the ith path, ΓCPP,i is the diagonal

phase-correction matrix introduced by the chirp-periodic prefix for that path, ∆fi

is the diagonal Doppler-shift matrix, Πli is the li-fold cyclic delay permutation

matrix, and A represents the DAFT matrix.

The structure of Heff is what makes AFDM tractable. For integer Doppler shifts

and parameter choices c1 = (2αmax +1)/(2N) with c2 irrational or small-rational,

each path i contributes a non-zero entry to row p of Heff at column [p+loci]N only,

where loci is a path-specific location offset. The paths separate completely in the

DAFT domain. For fractional Doppler shifts, each path contributes non-zeros over

2ξν +1 adjacent columns, but the separation property still holds approximately.

The diversity order of AFDM under ML detection is P , equal to the number

of paths, when the parameters c1, c2 are chosen correctly. This is shown in [17]

through a pairwise error probability analysis. The key requirement is loci ̸=

locj for all i ≠ j, which the choice of c1 ensures, together with the constraint

2αmax + lmax +2αmaxlmax <N on the channel-frame relationship.

This structural property, sparse banded Heff with completely or nearly separated

path contributions, underlies all the detector designs developed in Chapters 4

through 7. The path separation enables multi-path Bayesian estimators (Chapter

4), the banded sparsity enables low-complexity VAMP iterations (Chapter 4),

and the discrete constellation structure of the transmit vector combined with the

structured sparsity of index modulation enables sparse Bayesian and variational

detectors (Chapters 5 through 7).

2.6 Gaps Addressed in This Thesis

For AFDM, the corresponding literature is less developed. AFDM-IM in its

basic form has been studied [27,28], but the more sophisticated index modulation

variants, namely dual-mode, multi-mode, generalized, and quadrature, have not
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been carried over from the OFDM and OTFS contexts in any systematic way.

Detection algorithms tailored to the AFDM channel structure, particularly those

that exploit complete delay-Doppler path separation, are not as well developed as

the corresponding methods for OTFS. The practical issue of low-resolution ADCs,

which has been studied for massive MIMO and to some extent for OFDM, has

barely been touched in the AFDM context.

The remainder of this thesis takes up these gaps. Chapter 4 develops three

Bayesian and message passing detectors for AFDM that address different aspects

of the detection problem: a low-complexity VAMP variant that replaces the SVD

step with preconditioned conjugate gradient iterations, a multi-path interference

cancellation scheme that exploits the delay-Doppler path separation of AFDM,

and a variational Bayesian detector that handles the truncated-Gaussian likelihood

induced by low-resolution ADCs. Chapters 5 through 7 develop generalized,

quadrature, dual-mode, and multi-mode index modulation schemes for AFDM,

each with detectors tuned to its particular structure. Chapter 3 provides foundation

work in the OTFS setting on which several of the AFDM chapters build. The

detailed technical contributions are presented chapter by chapter in what follows.



Chapter 3

OTFS Based Index Modulation

This chapter develops two index modulation schemes built on OTFS modulation,

which we use as the foundation before moving to AFDM in the chapters that

follow. We first establish the OTFS signal model, its delay-Doppler input-output

relation, and the MIMO-OTFS extension required for the spatial domain contribu-

tion. We then propose Enhanced Spatial Modulation based OTFS (ESM-OTFS),

which combines ESM with OTFS to improve spectral efficiency in high mobility

MIMO settings, and develop an MMSE based linear detector and a Variational

Bayesian Inference (VBI) based sparse detector for it. We then propose OTFS with

Generalized Dual-Mode Index Modulation (OTFS-GDM-IM), which removes the

fixed sub-block partitioning of dual-mode index modulation and allows a variable

number of grid points to be modulated by each constellation alphabet. Maximum

likelihood (ML) and log-likelihood ratio (LLR) detectors are derived for OTFS-

GDM-IM. Spectral efficiency and computational complexity are derived alongside

each proposed waveform, and simulation results for both schemes are presented at

the end of the chapter.
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3.1 OTFS System Model

3.1.1 OTFS Modulation and Demodulation

OTFS modulation [5,6] is a way of transmitting information symbols that is robust

to Doppler shift. It works by multiplexing the data symbols in the delay-Doppler

(DD) domain, which is another way of expressing the signal that is invariant

to Doppler shift. This makes OTFS ideal for high-mobility applications. Let

{u[l,k], l = 0,1, . . . ,M − 1, k = 0,1, . . . ,N − 1} be a two dimensional information

signal in the DD domain where M denotes the number of subcarriers and N denotes

the number of OFDM symbols or time slots. The time-frequency (TF) domain

signal U [m,n] is obtained from u[l,k] through the inverse symplectic finite Fourier

transform (ISFFT) as

U [m,n] = 1√
MN

M−1∑︂
l=0

N−1∑︂
k=0

u[l,k]ej2π(nk
N − ml

M ). (3.1)

Using the Heisenberg transform along with a transmitter side pulse shaping signal

ptx(t), U [m,n] is converted to a time domain (TD) signal s(t)

s(t) =
M−1∑︂
m=0

N−1∑︂
n=0

U [m,n]ptx(t−mT )ej2πn∆f(t−mT ), (3.2)

where ∆f and T represent the subcarrier spacing and the OFDM symbol period

respectively, with ∆f = 1/T .

At the receiver, the received signal r(t) is matched with the receiver side pulse

shaping signal prx(t) and is converted to the TF domain using the Wigner transform,

and the resulting cross-ambiguity Λprx,r(t,f) is given as

Λprx,r(t,f) =
∫︂
r(t′)prx(t′− t)ej2πf(t′−t) dt′. (3.3)

The resultant signal is sampled with subcarrier spacing ∆f and frame duration T .
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The received TF domain signal is given as

V [m,n] = Λprx,r(t,f)
⃓⃓⃓
t=nT,f=m∆f

. (3.4)

The DD domain signal v[l,k] is obtained from V [m,n] by applying the symplectic

finite Fourier transform (SFFT) and is given as

v[l,k] = 1√
MN

M−1∑︂
m=0

N−1∑︂
n=0

V [m,n]e−j2π(nk
N − ml

M ). (3.5)

3.1.2 Delay-Doppler Channel and Input-Output Relation

Consider a DD domain channel with P channel taps, each with a delay of τi, a

Doppler shift of νi, and a fading channel gain of hi [7]. The channel impulse

response in the DD domain can be represented as

h(τ,ν) =
P∑︂

i=1
hi δ(τ − τi)δ(ν−νi), (3.6)

where δ(·) denotes the Dirac delta function. The integer delay and Doppler indices

of the ith path are obtained as

li = τiM∆f, αi = νiNT. (3.7)

Given the TD input signal s(t), the received signal is

r(t) =
∫︂

ν

∫︂
τ
h(τ,ν)s(t− τ)ej2πν(t−τ) dτ dν+w(t), (3.8)

where w(t) is the additive white Gaussian noise in the TD. Substituting the DD

impulse response and discretizing at the symbol rate yields

r[q] =
P∑︂

i=1
hi s[q− li]ej 2π

N αi(q−li) +w[q], (3.9)
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for q = 0,1, . . . ,MN −1.

The vectorized TD input-output relation can be written as

r =
⎛⎝ P∑︂

i=1
hi Πli ∆αi

⎞⎠s+w = H̆s+w, (3.10)

where Π is the cyclic forward-shift permutation matrix of dimension MN ×MN

Π =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 · · · 0 1

1 . . . 0 0

... . . . . . . ...

0 · · · 1 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (3.11)

∆ is the diagonal Doppler matrix with entries ∆ = diag{ej2πp/(MN)}MN−1
p=0 , and

H̆ is the TD channel matrix of dimension MN ×MN , with li and αi assumed to

be integers without loss of generality.

At the receiver, the received signal vector r is converted to the DD domain and

the input-output relation in the DD domain [11] is given as

y = Heffx + w̃, (3.12)

where x ∈CMN×1 is the DD domain transmit vector obtained by vectorizing u[l,k],

y ∈ CMN×1 is the corresponding receive vector, and w̃ is the noise vector in the

DD domain. With rectangular pulse shaping at the transmitter and receiver, the

effective DD domain channel matrix is given as Heff = (FN ⊗ IM )H̆(FH
N ⊗ IM ),

where FN is the N -point DFT matrix, FH
N is its inverse, IM is the M ×M identity

matrix, and ⊗ denotes the Kronecker product.
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3.1.3 MIMO-OTFS Signal Representation

We extend the single antenna OTFS model to a MIMO setting [9] with NT transmit

antennas and NR receive antennas, since the ESM-OTFS scheme of Section 3.2

is equipped with NT transmit antennas and NR receive antennas. The transmit

symbol matrix of the MIMO-OTFS frame is X ∈ CMN×NT , where the ith column

xi is the DD domain vector transmitted from the ith transmit antenna. The TD

signal transmitted from the ith antenna si is derived from xi by passing it through

the ISFFT unit and OFDM modulator, which simulates the Heisenberg transform,

and is given as

si = (FH
N ⊗ IM )xi, (3.13)

where si is the MN×1 dimensional column vector. The TD signal si is transmitted

from the ith transmit antenna and travels through the multipath wireless channel.

The received signal at the jth receive antenna from the ith transmit antenna passes

through SFFT and OFDM demodulator, which simulates the Wigner transform.

The DD domain signal received at the jth receive antenna is given as

yj =
NT∑︂
i=1

Heff,j,i xi +wj , (3.14)

where Heff,j,i ∈ CMN×MN is the effective DD domain channel from the ith trans-

mit antenna to the jth receive antenna. The received signal in the DD domain

considering all the receive antennas is

y = Heffx +w, (3.15)

where y = [yT
1 , . . . ,yT

NR
]T ∈ CNRMN×1, x = [xT

1 , . . . ,xT
NT

]T ∈ CNT MN×1, and w is

the corresponding effective noise vector. The effective MIMO DD channel matrix
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of dimension NRMN ×NTMN is

Heff =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Heff,1,1 Heff,1,2 · · · Heff,1,NT

Heff,2,1 Heff,2,2 · · · Heff,2,NT

... ... . . . ...

Heff,NR,1 Heff,NR,2 · · · Heff,NR,NT

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (3.16)

3.2 Enhanced Spatial Modulation Based OTFS

3.2.1 Enhanced Spatial Modulation

Spatial modulation (SM) [56,57] is a wireless communication technique based on

Multiple Input Multiple Output (MIMO) that uses the transmit antenna index for

transmitting information symbols. SM involves the activation of a single transmit

antenna at any given moment in time, and that selected antenna is used to transmit

a signal from a chosen constellation. If NT is the number of transmit antennas and

sa = 2na is the size of the signal constellation, the number of bits transmitted in

SM is na +log2(NT ).

Enhanced spatial modulation [58] improves the efficiency and robustness of

SM by transmitting different symbols from different constellations depending

on the number of active antennas. This is done by first transmitting symbols

from a primary constellation during single transmit antenna activation, just like

conventional SM. When two transmit antennas are enabled, symbols are transmitted

from a secondary constellation. The size of the secondary constellation is taken

as half of the primary constellation so that the same number of information bits

are transmitted during single antenna activation and double antenna activation

periods. This allows for a higher diversity gain as the signal is transmitted from

two different antennas, which makes it more robust to interference. In order to

maximize the minimum Euclidean distance between transmitted signal vectors,
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secondary constellations are created via geometric interpolation. This ensures that

the symbols in the secondary constellations are as far apart as possible, which

makes it more difficult for the receiver to make errors.

In conventional SM, the number of information bits transmitted depends on

the number of transmit antennas and the size of the symbol constellation used

for modulation. In ESM, it is decided by the antenna and constellation symbol

combinations. An illustration of the ESM system with two transmit antennas,

QPSK as the primary constellation and BPSK as the secondary constellation is

depicted in Table 3.1. Here the number of transmitted bits or bits per channel

use (BPCU) is four. QPSK = ±1± j, and BPSK0 and BPSK1 are respectively

given by BPSK0 =±1 and BPSK1 =±j. The first two combinations C1 and C2

appear as transmission from one of the antennas and convey one of the symbols

from the QPSK constellation. The last two combinations C3 and C4 correspond

to transmissions of symbols from the secondary constellations BPSK0 or BPSK1

coming out of both antennas.

Table 3.1: ESM, NT = 2 transmit antennas, four BPCU
TX1 TX2

C1 QPSK 0
C2 0 QPSK
C3 BPSK0 BPSK0
C4 BPSK1 BPSK1

3.2.2 ESM-OTFS Transmitter and Frame Structure

The system model of the proposed ESM-OTFS is shown in Fig. 3.1. The ESM-

OTFS system is equipped with NT transmit antennas and NR receive antennas.

A random bit sequence b = [b0, b1, . . . , bBtot−1] of an ESM-OTFS frame in the DD

domain enters the ESM-OTFS system, where Btot =MN log2(CESM) and CESM

is the size of the ESM constellation. The mapping rule of ESM modulation is



36 OTFS Based Index Modulation

given in Table 3.2. For each log2(CESM) incoming bits, an ESM transmit vector

is selected as per the presented mapping rule. For each of the MN time slots

of an ESM-OTFS frame, a constellation symbol is assigned to each of the NT

transmit antennas. These MN symbols enter the OTFS Block Creator unit of the

corresponding transmit antenna and form the transmit DD domain vector for the

respective antenna.
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Figure 3.1: Block diagram of the ESM-OTFS system

The transmission rate of ESM-OTFS can be stated as RESM-OTFS =MN

× log2(CESM), whereas under the same setup SM-OTFS has a transmission rate

of RSM-OTFS =MN log2(sa), where sa is the order of the modulation used. Since

the size of the ESM constellation formed by the combination of transmit antennas

and primary and secondary constellation symbols is higher than the size of the

modulation order used in SM, the transmission rate of ESM-OTFS is much better

than that of SM-OTFS under the same MIMO environment. The dimension of the
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Table 3.2: ESM mapping rule for NT = 2 and QPSK as primary constellation
CESM bits Transmit vector

0000 [0+0j,−1+1j]
0001 [0+0j,−1−1j]
0010 [0+0j,+1+1j]
0011 [0+0j,+1−1j]
0100 [−1+1j,0+0j]
0101 [−1−1j,0+0j]
0110 [+1+1j,0+0j]
0111 [+1−1j,0+0j]
1000 [−1+0j,−1+0j]
1001 [−1+0j,+1+0j]
1010 [+1+0j,−1+0j]
1011 [+1+0j,+1+0j]
1100 [0−1j,0−1j]
1101 [0−1j,0+1j]
1110 [0+1j,0−1j]
1111 [0+1j,0+1j]
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data transmit matrix of an ESM-OTFS frame is MN ×NT and is given as

XESM =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

x1
0,0 · · · xi

0,0 · · · xNT
0,0

x1
0,1 · · · xi

0,1 · · · xNT
0,1

... . . . ... . . . ...

x1
l,k · · · xi

l,k · · · xNT
l,k

... . . . ... . . . ...

x1
M−1,N−1 · · · xi

M−1,N−1 · · · xNT
M−1,N−1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (3.17)

Xi is the DD domain information matrix of dimension M ×N transmitted from

the ith transmit antenna and is formed by collecting all the elements of the ith

column of XESM. The received DD domain signal vector follows the MIMO-OTFS

input-output model of (3.15).

3.2.3 MMSE Detector for ESM-OTFS

In order to bring down the complexity of detection, a detector combining MMSE

equalization and minimum Euclidean distance detection is proposed for the detection

of ESM-OTFS. First, an estimate of the transmitted signal x̂MMSE
ESM is obtained

using an MMSE equalizer. The MMSE equalization is given as

x̂MMSE
ESM =

(︄
HH

effHeff + INT MN

ρsnr

)︄−1
HH

eff y, (3.18)

where INT MN is the identity matrix of order NTMN ×NTMN and ρsnr is the

average SNR in the DD domain. Now a minimum Euclidean distance detector

is applied on each row of X̂MMSE
ESM against all the possible combinations of ESM

constellation vectors CESM. This can be formulated as

{︂
X̂η

ESM
}︂

= arg min
CESM∈CESM

⃓⃓⃓
X̂MMSE

ESM (η)−CESM
⃓⃓⃓2
, 1≤ η ≤MN, (3.19)



Enhanced Spatial Modulation Based OTFS 39

where X̂MMSE
ESM (η) is the ηth row of the matrix X̂MMSE

ESM . Then the ESM constellation

vector with the minimum Euclidean distance is taken as the detected ESM-OTFS

transmit vector for each time slot of the ESM-OTFS frame. Now an estimate of

the original transmitted bits b̂ can be recovered by comparing each row of X̂ESM

using the look-up table shown in Table 3.2. The steps involved in the detection of

ESM-OTFS using the MMSE detector are summarized in Algorithm 3.1.

Algorithm 3.1 MMSE Detection of ESM-OTFS
Require: y, Heff , CESM

1: Compute X̂MMSE
ESM using (3.18)

2: Estimate the transmitted ESM vectors using (3.19) and form X̂ESM
3: Retrieve the transmitted bits using the ESM mapping rule
4: return estimated bit sequence b̂

3.2.4 Variational Bayesian Inference Based Detector for

ESM-OTFS

Since the computational complexity of the maximum likelihood detector increases

exponentially with the number of transmit and receive antennas, we propose a

detection algorithm based on the sparsity of the ESM-OTFS transmit frame. In

ESM-OTFS, only one or two transmit antennas radiate at the same time and the

others remain silent. This results in the formation of a data transmit matrix with

most of the entries equal to zero, making the matrix sparse. The key idea behind

the proposed detector is the sparse signal estimation of the received signal using

Variational Bayesian Learning [32,33]. The problem of ESM-OTFS signal detection

can be restated as

y = Heffx +w, (3.20)

where x and y are the transmit and receive signals of dimensions NTMN ×1 and

NRMN×1 respectively in the DD domain, Heff is the effective DD domain channel

matrix of dimension NRMN ×NTMN , and w is the Gaussian distributed white

noise signal with zero mean and variance σ2. The noise precision used in the VBI
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updates is γw = 1/σ2.

We assume a two-layer hierarchical prior for the transmit data signal x so that

it motivates the sparsity property of x. It is assumed that x follows a Gaussian

distribution parameterized by α = [α1,α2, . . . ,αNT MN ], where αi is the inverse

variance parameter of xi and x is given as

p(x |α) =
NT MN∏︂

i=1
p(xi | αi) =

NT MN∏︂
i=1

N(0,α−1
i ). (3.21)

A Gamma prior distribution is assumed for α

p(α) =
NT MN∏︂

i=1
Γ−1(a)baαa−1

i e−bαi . (3.22)

It is presumed that the noise precision γw is already known and that full DD domain

channel state information is accessible at the receiver. The likelihood distribution

of the received signal y is given as

p(y | x) = (2π)−NRMN/2γNRMN/2
w e−γw∥y−Heffx∥2/2. (3.23)

The estimation of the posterior distribution of the received signal is intractable.

To address this, the variational Bayesian technique is applied, and the posterior

distribution p(x,α | y) is approximated by a variational distribution

q(x,α) =
NT MN∏︂

i=1
qxi(xi)

NT MN∏︂
i=1

qαi(αi). (3.24)

The VBI technique calculates the factors of q(x,α) by minimizing the Kullback-

Leibler (KL) distance between the variational distribution and the true posterior.

Minimization of the KL distance is equivalent to maximizing the evidence lower

bound (ELBO), which results in

lnqi(θi) = ⟨lnp(y, θ)⟩k ̸=i + ci, (3.25)
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where θ = {x,α}, θi denotes each scalar in θ, and ⟨·⟩k ̸=i denotes the expectation

across the distributions qk for all k ≠ i. The joint probability distribution p(y, θ)

can be represented as p(y, θ) = p(y | x,α)p(x |α)p(α). Expanding lnp(y, θ) yields

lnp(y, θ) = NRMN
2 lnγw− γw

2 ∥y−Heffx∥2

+
NT MN∑︂

i=1

(︂
1
2 lnαi− αi

2 x
2
i

)︂

+
NT MN∑︂

i=1
((a−1) lnαi +a lnb− bαi)+const. (3.26)

Now using (3.25) and (3.26), we find the update expressions for lnqxi(xi) and

lnqαi(αi). Applying (3.25) to xi yields

lnqxi(xi) =− γw
2

{︃
⟨∥y−Heff ,̄ixī∥

2⟩− (y−Heff ,̄i⟨xī⟩)
HHeff,ixi

−xi HH
eff,i(y−Heff ,̄i⟨xī⟩)+∥Heff,i∥2x2

i

}︃
− ⟨αi⟩

2 x2
i + cxi , (3.27)

where Heffx = Heff,ixi + Heff ,̄ixī, Heff,i denotes the ith column of Heff , Heff ,̄i is

formed by removing the ith column of Heff , xi is the ith element of x, and xī is

the vector formed by removing the ith element of x. The expansion of lnqxi(xi) is

quadratic in xi and can therefore be expressed as a Gaussian distributed random

variable. The mean and variance of the subsequent Gaussian distribution are

σ2
i = 1

γw∥Heff,i∥2 + ⟨αi⟩
, ⟨xi⟩= µi = σ2

i HH
eff,i(y−Heff ,̄i⟨xī⟩)γw, (3.28)

where µi is the point estimate of the ith element of the transmitted signal x. In a

similar way lnqαi(αi) can be expressed as

lnqαi(αi) = (a−1+ 1
2) lnαi−αi

(︃
⟨x2

i ⟩
2 + b

)︃
+ cαi , (3.29)
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which is the log of a Gamma distribution. The mean of the resulting Gamma

distribution is

⟨αi⟩=
a+ 1

2
⟨x2

i ⟩
2 + b

, ⟨x2
i ⟩= µ2

i +σ2
i . (3.30)

The equalized version of the transmitted signal matrix X̂VBI
ESM in the DD domain

is formed by collecting all the point estimates µi for i = 1,2, . . . ,NTMN . The

minimum Euclidean distance detector is then applied on each row of X̂VBI
ESM using

(3.19) to obtain X̂ESM. Each row of X̂ESM is decoded using the ESM mapping

rule shown in Table 3.2 to retrieve an estimate of the original transmitted bits.

The steps involved in the detection of ESM-OTFS using the VBI detector are

summarized in Algorithm 3.2.

Algorithm 3.2 VBI Based ESM-OTFS Detection
Require: y, Heff , CESM, γw

1: Initialize a,b∼ 10−10, α0
i = a/b, σ2,0

i = 1/(γw∥Heff,i∥2 +α0
i ), x0 = 0

2: for iteration ℓ= 0,1,2, . . . until convergence do
3: Update σ2,ℓ+1

i and xℓ+1
i = µi from (3.28)

4: Compute ⟨x2,ℓ+1
i ⟩ and update αℓ+1

i from (3.30)
5: Check convergence using ∥xℓ+1−xℓ∥2/∥xℓ∥2 ≤ 10−18

6: end for
7: Form X̂VBI

ESM from the point estimates µi

8: Estimate the transmitted ESM vectors using (3.19) and form X̂ESM
9: Retrieve the transmitted bits using the ESM mapping rule

10: return estimated bit sequence b̂

3.2.5 Spectral Efficiency of ESM-OTFS

The spectral efficiency (SE) of ESM-OTFS is defined as the ratio of the information

rate to the total bandwidth occupied. The total time span of an ESM-OTFS frame

is NT and the total bandwidth engaged by a frame is M∆f . The number of bits

transmitted by an ESM-OTFS frame is MN log2(CESM). The SE of ESM-OTFS

is therefore

SEESM-OTFS = MN log2(CESM)
NT ×M∆f = log2(CESM), (3.31)
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where T∆f = 1. The SE of SM-OTFS and QSM-OTFS [59] systems can be

represented using the same parameters as

SESM-OTFS = log2(Mmod)+ log2(NT ), (3.32)

SEQSM-OTFS = log2(Mmod)+2log2(NT ), (3.33)

where Mmod is the size of the modulation alphabet used. As an example, consider

an ESM-OTFS system with QPSK as primary modulation and NT = 2. The

ESM constellation corresponding to this configuration is depicted in Table 3.2 and

contains 16 distinct constellation vectors. The spectral efficiency of ESM-OTFS is

therefore 4 BPCU. Under the same settings, the SE of SM-OTFS and QSM-OTFS

are 3 and 4 BPCU respectively.

3.2.6 Computational Complexity of ESM-OTFS

The signal detection algorithm at the receiver is composed of two distinct compo-

nents that contribute to its overall complexity. The first part is the computational

complexity of the algorithm used for equalization and the second part is the complex-

ity of the demodulation algorithm. The MMSE detector uses (3.18) for equalization,

which has a computational complexity of O(M3N3N3
T ). The minimum Euclidean

distance detector is used for the demodulation, which has a computational load

of O(MNCESM), where CESM is the size of the ESM constellation. There is an

additional search complexity of O(CESM) for decoding the bits.

The VBI based detector does not require any matrix inversion operation for

the equalization step. It has a computational complexity of O(M2N2N2
T IVBI),

where IVBI is the number of iterations required for convergence of the algorithm.

Since the VBI based detector also uses Euclidean distance based detection for the

demodulation, it has the same complexity in comparison to the MMSE detector for

the demodulation step. The VBI detector therefore reduces the per iteration cost
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from cubic to quadratic in MNNT while exploiting the sparsity of the ESM-OTFS

transmit vector at the cost of IVBI iterations.

3.3 Generalized Dual-Mode Index Modulation

Based on OTFS

3.3.1 OTFS Based Dual-Mode Index Modulation

We consider an OTFS-DM-IM system [25] as depicted in Fig. 3.2 with M subcarriers

and N OFDM symbols. ∆f denotes the subcarrier spacing and T represents the

OFDM symbol duration. We consider a scenario where data is transmitted from one

point to another, and b bits are transmitted between the points. The incoming b bits

are split intoG groups, where each group has g bits and is partitioned into g1 bits and

g2 bits. These bit clusters are known as index bits and information bits respectively.

Each group represents an OTFS subblock of length L=MN/G, where MN denotes

the size of an OTFS frame. The index selector utilizes the first g1 bits of the g bits

to split the grid points of the OTFS subblock into two index subsets represented by

JA and JB. The functionality of the index selector can be observed in Table 3.3 for

g1 = 2, L= 4, and K = 2. There are two constellation alphabets in OTFS-DM-IM,

A and B, with sizes NA and NB respectively, provided A∩B = ∅ [21]. As an

example, A = {−1− j, 1− j, 1 + j,−1 + j} and B = {3, 3j,−3,−3j} represent two

distinguishable QPSK modulation alphabets where A∩B = ∅. The grid points

corresponding to JA and JB are modulated by mappers A and B respectively. K

grid points of the OTFS subblock are modulated by A and the remaining L−K

grid points are modulated by B. g1 and g2 can be computed as g1 = ⌊log2
(︂

L
K

)︂
⌋ and

g2 = K log2NA + (L−K) log2NB, where
(︂

L
K

)︂
is the binomial coefficient and ⌊·⌋

represents the integer floor function. The information conveyed by an OTFS-DM-IM
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subblock gOTFS-DM is

gOTFS-DM = ⌊log2

(︄
L

K

)︄
⌋+K log2NA +(L−K) log2NB. (3.34)
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Figure 3.2: Block diagram of the OTFS-DM-IM system used as the baseline for
OTFS-GDM-IM

Table 3.3: A look-up table for dual-mode index modulation with g1 = 2, L = 4,
K = 2

Index bits Indices Subblocks
[0,0] [1,2] [α(1)

A , α
(2)
A , α

(1)
B , α

(2)
B ]

[0,1] [1,3] [α(1)
A , α

(1)
B , α

(2)
A , α

(2)
B ]

[1,0] [2,3] [α(1)
B , α

(1)
A , α

(2)
A , α

(2)
B ]

[1,1] [3,4] [α(1)
B , α

(2)
B , α

(1)
A , α

(2)
A ]

3.3.2 OTFS-GDM-IM Transmitter and Signal Model

The size of JA is fixed in conventional OTFS-DM-IM. However, by incorporating

variable sizes of JA in different subblocks, it is feasible to increase the number of
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distinct OTFS subblock configurations, resulting in improved spectral efficiency [51].

Generalized dual-mode OTFS-IM (OTFS-GDM-IM) is proposed to enhance the

spectral efficacy of OTFS-DM-IM. In OTFS-GDM-IM, the size of JA is no longer

constant. The number of OTFS grid points modulated by A is now a variable and

depends on the information bits. Since the size of JA is not fixed in a particular

OTFS subblock, the size of JB is also a variable. For each OTFS subblock, K can

be characterized as a set encompassing all possible realizations of JA. This can be

represented as

K = {K1,K2, . . . ,Ki, . . . ,KT}, (3.35)

where T is the size of K. Just like in conventional OTFS-DM-IM, the index bits

are used to calculate the size of JA, which is denoted as Ki. Then Ki OTFS grid

points are modulated by A and the remaining L−Ki grid points are modulated

by B. The total number of feasible OTFS subblock configurations is

nGDM =
T∑︂

i=1

(︄
L

Ki

)︄
NKi

A NL−Ki
B . (3.36)

The information transmitted by each OTFS-GDM-IM subblock is

gOTFS-GDM =
⎢⎢⎢⎣log2

⎛⎝ T∑︂
i=1

(︄
L

Ki

)︄
NKi

A NL−Ki
B

⎞⎠⎥⎥⎥⎦ . (3.37)

Due to the higher number of potential realizations of OTFS subblocks in OTFS-

GDM-IM, its spectral efficiency can be improved in comparison to conventional

OTFS-DM-IM. As an illustration, consider OTFS subblocks of length L= 4 with

two distinguishable BPSK modulations and K= {1,3} and K= {0,1,2,3,4}. Under

this setting, the number of index bits conveyed by OTFS-GDM-IM is 3 and 4 bits

respectively. The number of information bits is 4 in both cases. The total number

of bits conveyed by OTFS-GDM-IM is 7 and 8 respectively, while the total number

of bits carried by OTFS-DM-IM is 6. Clearly the number of bits transmitted by an

OTFS subblock increases in the case of OTFS-GDM-IM compared to OTFS-DM-IM.
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Increasing the size of K improves the spectral efficiency of OTFS-GDM-IM, with

the highest spectral efficiency attained when K = {0,1,2, . . . ,L}. OTFS-GDM-IM

may experience a decline in performance and a significant rise in computational

overhead as a result of a greater number of subblock realizations.

All the OTFS subblocks are passed through the OTFS block creator block as

in OTFS-DM-IM to form the OTFS frame for OTFS-GDM-IM, XGDM ∈ CM×N .

OFDM based OTFS is used for the deployment of OTFS-GDM-IM. XGDM is

converted to the TF domain using ISFFT and then the Heisenberg transform along

with rectangular pulse shaping is applied to obtain the time domain 2D matrix

S ∈ CM×N . S is converted to the 1D time domain signal s ∈ CMN×1. Then s

propagates through the time-varying multipath wireless channel, and the time

domain signal r ∈ CMN×1 is picked up at the receiver. The Wigner transform

along with rectangular pulse shaping and SFFT is applied to get the DD domain

signal YGDM ∈CM×N . An equalization method is applied on YGDM to remove the

channel impairments. MMSE equalization is applied to estimate the transmitted

symbols

ŷGDM =
(︃

HeffHH
eff + IMN

σ2

)︃−1
HH

eff yGDM, (3.38)

where σ2 is the variance of the DD domain white noise. Then ŷGDM can be

represented as ŷGDM = {ŷ1, ŷ2, . . . , ŷMN}. After the equalization, ŷGDM is separated

into OTFS subblocks and these subblocks are passed on to the detector to retrieve

the index and data information bits.

3.3.3 ML Detector for OTFS-GDM-IM

At the receiver, the ML detector can be utilized for the estimation of transmitted

information. This is done by decoding each subblock of the equalized signal. For

the ηth subblock, the ideal index sequence and transmitted symbols are retrieved

by minimizing the ML construct. In the case of an ML detector, the search

involves considering all potential subblock realizations by examining all feasible
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index patterns J along with their accompanying symbol combinations CJ

{︂
Ĵη,X̂η

GDM
}︂

= arg min
J∈J,CJ∈CJ

L∑︂
k=1
|ŷη(k)−CJ(k)|2 , 1≤ η ≤G, (3.39)

where Ĵη is the estimated index pattern of the ηth OTFS subblock and X̂η
GDM is

the estimated symbol vector. The demodulation of information bits is achieved by

utilizing an index pattern mapping table and the two constellation alphabets, which

map the information bits to the matching index pattern and constellation symbols.

The computational load of the ML detector is of the order O(∑︁T
i=1

(︂
L
Ki

)︂
NKi

A NL−Ki
B ),

which grows exponentially as the variables NA, NB, L, and Ki rise in magnitude.

3.3.4 LLR Detector for OTFS-GDM-IM

The index bits represented in the DD domain constitute either 1 or 0. The natural

logarithm of the ratio of the posterior probabilities between the OTFS grid points

modulated with A and those modulated with B serves as a means to ascertain the

index configuration of the grid. Employing an LLR-based detector for the detection

of OTFS-GDM-IM can significantly simplify the detection complexity. Since the

modulation of each grid point is done by either alphabet A or alphabet B, this

approach allows for the determination of its constellation mode through LLR value

computation

ζn = ln
⎛⎝ ∑︁NA

j=1 Pr(xη
n = CA(j) | ŷη

n)∑︁NB
q=1 Pr

(︂
xη

n = CB(q) | ŷη
n

)︂
⎞⎠ , (3.40)

where 1 ≤ n ≤ L, CA(j) ∈ A, and CB(q) ∈ B. From (3.40), if the LLR value ζn

of the nth grid point is positive, it has a higher possibility of being modulated

by mapper A, and if ζn is negative, it has a higher possibility of being modu-

lated by mapper B. Based on Bayes’ theorem, ∑︁NA
j=1 Pr(xη

n = CA(j)) =Ki/L and∑︁NB
q=1 Pr(xη

n = CB(q)) = (L−Ki)/L. Since MMSE equalization is utilized for the

equalization of the received DD domain signal, the noise variance gets modified.

Representing WMMSE = (HeffHH
eff +IMN/σ

2)−1HH
eff , the variance of the noise signal
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after equalization is

σ2
MMSE = diag

(︂
WH

MMSEWMMSE
)︂
, (3.41)

where diag(·) is the operator which gives the diagonal elements of the matrix as

the output. We can expand the formula of ζn using the above results as

ζn = ln
(︄

NBKi

NA(L−Ki)

)︄

+ln
⎛⎝NA∑︂

j=1
exp

(︄
−|ŷ

η
n−CA(j)|2
σ2

MMSE

)︄⎞⎠
− ln

⎛⎝NB∑︂
q=1

exp
(︄
−|ŷ

η
n−CB(q)|2
σ2

MMSE

)︄⎞⎠ . (3.42)

For each Ki with 1≤ i≤ T , LLR values for each grid point are calculated. If

the LLR value is positive, the grid point has a higher possibility of being modulated

by A, and conversely if the LLR value is negative, it is less likely. The index

pattern for each Ki can be obtained using the positive and negative LLR values

and denoted as JA,Ki
. Simply taking the positive and negative sign of the LLR

value to determine whether a grid point is modulated by A or B results in wrong

estimation of the index pattern due to the effect of channel noise. To address this

issue, for each Ki, the Ki largest LLR values are considered in each OTFS subblock

and those grid points have a higher possibility of being modulated by mapper A.

For each Ki, the estimated symbols are derived using hard decision. The optimal

index pattern and constellation symbols for the ηth OTFS subblock are obtained

using the ML metric

{︂
Ĵη,X̂η

GDM
}︂

= arg min
J∈JKi

,CJ∈CJ,Ki

L∑︂
k=1

⃓⃓⃓
ŷη(k)−CJ,Ki

(k)
⃓⃓⃓2
, (3.43)

for 1 ≤ η ≤ G and 1 ≤ i ≤ T . Following the detection, the information bits are

demodulated using the mapping table. The LLR detector is a near-optimal receiver
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with a substantial computational advantage. The computational overhead of the

LLR detector follows an order of O(LT (NA +NB)), with an additional search of

order O(L2) for comparing LLR values within each subblock.

3.3.5 Spectral Efficiency of OTFS-GDM-IM

The SE of OTFS-GDM-IM is defined as the ratio of the information rate to the

total bandwidth occupied. The total time span of an OTFS-GDM-IM frame is

NT and the total bandwidth engaged by a frame is M∆f . The number of bits

transmitted by a frame is (g1 +g2)G= log2(∑︁T
i=1

(︂
L
Ki

)︂
NKi

A NL−Ki
B )×G. The SE of

OTFS-GDM-IM is therefore

SEOTFS-GDM-IM =

⌊︂
log2

(︂∑︁T
i=1

(︂
L
Ki

)︂
NKi

A NL−Ki
B

)︂⌋︂
L

, (3.44)

where G = MN/L and T∆f = 1. The SE of the OTFS, OTFS-IM [23], and

OTFS-DM-IM systems can be represented using the same parameters as

SEOTFS = log2Mmod, (3.45)

SEOTFS-IM =
⌊log2

(︂
L
K

)︂
⌋+K log2Mmod

L
, (3.46)

SEOTFS-DM-IM =
⌊log2

(︂
L
K

)︂
⌋+K log2NA +(L−K) log2NB

L
, (3.47)

where Mmod is the size of the modulation alphabet used. As an example, consider a

scenario with two distinguishable QPSK alphabets used as primary and secondary

constellations for OTFS-GDM-IM and OTFS-DM-IM. QPSK is the modulation used

for OTFS and OTFS-IM. An OTFS subblock with L= 4 and K = 2 is considered for

the calculation. The resulting spectral efficiencies are SEOTFS = 2, SEOTFS-IM = 1.5,

SEOTFS-DM-IM = 2.5, and SEOTFS-GDM-IM = 3. There is a significant improvement in

the SE of OTFS-GDM-IM compared to classical OTFS and other index modulations

based on OTFS.
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3.3.6 Computational Complexity of OTFS-GDM-IM

The signal detection algorithm at the receiver is composed of two distinct compo-

nents that contribute to its overall complexity. The first part is the computational

complexity of the MMSE algorithm used for equalization, which is of the order of

O(MN log2MN). The second part is the complexity of the demodulation algorithm.

The ML detector has a computational complexity of O(∑︁T
i=1

(︂
L
Ki

)︂
NKi

A NL−Ki
B ) for

each OTFS subblock, which increases exponentially with the subblock size L, the

constellation alphabet sizes NA and NB, and the size of K. The computational

complexity of the LLR detector is O(LT (NA +NB)), with an additional search

complexity of O(L2) for the comparison of LLR values. The LLR detector therefore

brings the demodulation cost of OTFS-GDM-IM from the exponential growth of

the ML search to a linear scaling that is feasible for practical receivers.

3.4 Simulation Results

3.4.1 ESM-OTFS Performance

The findings from the simulations of the BER performance of ESM-OTFS compared

to SM-OTFS and QSM-OTFS under different system configurations are discussed

in this section. It is assumed that the receiver has the perfect channel state

information and all the channels exhibit Rayleigh fading [7]. The main simulation

parameters are a mobile user velocity of 120 km/h, a carrier frequency of 4 GHz,

M = 4, N = 4, and a subcarrier spacing of 15 kHz.

The BER performance comparison of ESM-OTFS, QSM-OTFS, SM-OTFS,

and SIMO-OTFS for 4 BPCU is given in Fig. 3.3. The constellation used in each

scheme is indicated in the legend of the figure, and in the case of ESM-OTFS the

primary constellation is indicated. A 2×4 MIMO setup is used for this simulation.

ESM-OTFS outperforms the other schemes in BER performance. At a BER of

10−4, ESM-OTFS outperforms QSM-OTFS by 2.1 dB, SM-OTFS by 3 dB, and



52 OTFS Based Index Modulation

Figure 3.3: BER performance of ESM-OTFS, QSM-OTFS, SM-OTFS, and SIMO-
OTFS systems based on MMSE detector with M = 4, N = 4 for 4 BPCU

SIMO-OTFS by 5.3 dB.

The BER performance comparison of ESM-OTFS, QSM-OTFS, SM-OTFS, and

SIMO-OTFS for 6 BPCU is given in Fig. 3.4. A 4×4 MIMO setup is used for this

simulation. At a BER of 10−3, ESM-OTFS outperforms QSM-OTFS by 2 dB and

SM-OTFS by 3.8 dB.

Fig. 3.5 depicts the BER performance of ESM-OTFS for 8 BPCU using various

detectors. A 4×4 MIMO setup is used for this simulation and 16-QAM is used as

the primary modulation. The VBI based detector outperforms the linear detectors.

The ESM-OTFS VBI detector has a gain of 6.1 dB at a BER of 10−2 compared to

the MMSE detector.

The BER performance of ESM-OTFS for 10 BPCU using various detectors is

shown in Fig. 3.6. An 8×8 MIMO setup is used for this simulation and 16-QAM

is used as the primary modulation. The VBI based detector has a gain of 7.8 dB

over the MMSE based detector. It is observed from Fig. 3.5 and Fig. 3.6 that
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Figure 3.4: BER performance of ESM-OTFS, QSM-OTFS, SM-OTFS, and SIMO-
OTFS systems based on MMSE detector with M = 4, N = 4 for 6 BPCU

Figure 3.5: BER performance of ESM-OTFS using ZF, MMSE, and VBI detectors
with M = 4, N = 4 for 8 BPCU
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Figure 3.6: BER performance of ESM-OTFS using ZF, MMSE, and VBI detectors
with M = 4, N = 4 for 10 BPCU

the performance of the VBI based detector improves as the transmit data matrix

becomes more sparse.

ESM-OTFS is highly robust to Doppler shifts, which are prevalent in high

mobility environments. Fig. 3.7 and Fig. 3.8 demonstrate the performance of

ESM-OTFS at different velocities for 4 BPCU and 6 BPCU respectively. The BER

performance of ESM-OTFS remains almost the same from a normal velocity of

30 km/h to a very high velocity of 500 km/h. There is only a slight performance

degradation at higher velocities, and ESM-OTFS is highly immune to the Doppler

shifts resulting from velocity variations.

To illustrate the computational complexity trade-off further, consider an ESM-

OTFS system with M = 4, N = 4, and NT = 2. In order to compare the receiver

complexity at different BPCU, QPSK, 16-QAM, 64-QAM, and 256-QAM are

used as the primary constellation to give BPCU of 4, 6, 8, and 10 respectively.

Since the computational complexity of the equalization algorithms depends on
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Figure 3.7: BER performance of ESM-OTFS at different velocities M = 16, N = 16
for 4 BPCU

Figure 3.8: BER performance of ESM-OTFS at different velocities M = 16, N = 16
for 6 BPCU
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Figure 3.9: Trade-off between detector complexity and BPCU in ESM-OTFS
systems

M , N , and NT , the equalization complexity remains the same in all four cases

of BPCU. Since the demodulation algorithm has a computational complexity of

O(MNCESM), the computational load in terms of multiplications increases with

the size of CESM. As we know, the BPCU of the ESM-OTFS system is log2(CESM),

and the computational complexity of the detector increases with an increase in

BPCU. This is highlighted in Fig. 3.9. As the modulation order increases, the

receiver must perform more sophisticated signal processing to distinguish between

closely spaced constellation points, thereby increasing the computational burden.

This trade-off is critical in designing and optimizing communication systems for

specific application scenarios, balancing the need for high data rates against the

constraints of receiver complexity, power consumption, and real-time processing

capabilities.
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3.4.2 OTFS-GDM-IM Performance

The simulation of OTFS-GDM-IM is conducted assuming a time-varying multipath

channel with integer delay and Doppler shifts and full channel state information at

the receiver.

Figure 3.10: BER performance of OTFS-GDM-IM under high Doppler environments

The Monte Carlo simulation of OTFS-GDM-IM at various velocities of the

scatterers is depicted in Fig. 3.10. From this figure, the proposed OTFS-GDM-IM

system has good immunity under high Doppler environments. The simulation for

Fig. 3.10 is performed with M = 32, N = 32, NA =NB = 4, and L= 4.

The simulations for Fig. 3.11, Fig. 3.12, and Fig. 3.13 are performed with

M = 4, N = 4, L= 4, and P = 2, where P is the number of multipath scatterers.

Fig. 3.11 highlights the performance of OTFS-GDM-IM with other OTFS based

index modulation schemes under the same SE. OTFS-GDM-IM has superior BER

performance compared to OTFS-IM [23] and OTFS-DM-IM [25].

Fig. 3.12 exhibits the performance of OTFS-GDM-IM with OTFS-DM-IM.

OTFS-GDM-IM has a similar or comparable BER performance with OTFS-DM-IM
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Figure 3.11: BER performance of OTFS-GDM-IM with other OTFS based index
modulation systems

Figure 3.12: BER performance comparison of OTFS-GDM-IM with OTFS-DM-IM
with the same system parameters
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under the same system setting while delivering a higher spectral efficiency.

Figure 3.13: BER performance comparison of OTFS-GDM-IM detectors

Fig. 3.13 shows the performance of the proposed ML and LLR detectors with

various SE. The ML detector and the LLR detector have similar or comparable BER

performance while the ML detector has a computational complexity that grows

exponentially. The BER performance deteriorates with the increase in SE, which

reflects the reduced minimum Euclidean distance between admissible transmit

vectors at higher rates.

3.5 Summary

This chapter developed two index modulation schemes built on OTFS for high

mobility wireless communications. ESM-OTFS combines enhanced spatial modu-

lation with OTFS in a MIMO setting and transmits information jointly through

the antenna activation pattern, the choice of constellation set, and the mod-

ulated symbol on the active antennas. An MMSE based linear detector with
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minimum Euclidean distance decoding was developed for ESM-OTFS, together

with a Variational Bayesian Inference based detector that exploits the sparsity

of the delay-Doppler transmit vector through a hierarchical Gaussian-Gamma

prior, with the VBI detector showing the largest gains when the transmit vector

becomes more sparse at higher antenna counts. OTFS-GDM-IM removed the fixed

activation count of OTFS-DM-IM by allowing the number of grid points modulated

by each constellation alphabet to vary across subblocks, which enlarged the set of

admissible subblock realizations and raised the spectral efficiency over OTFS-IM

and OTFS-DM-IM at matched parameters. An ML detector and a low complexity

LLR detector were developed for OTFS-GDM-IM, and the LLR detector was shown

to match the ML detector in BER while reducing the complexity from exponential

growth with L, NA, NB, and the size of K to a linear scaling that is feasible for

practical receivers. The OTFS system model, the MIMO-OTFS extension, the VBI

detection framework, and the dual-mode index modulation construct introduced in

this chapter recur in modified form in the AFDM based contributions.



Chapter 4

AFDM with Advanced Bayesian

and Message Passing Detectors

This chapter develops the canonical AFDM system model [16,17] that the remaining

chapters of the thesis build upon, and proposes three low-complexity detectors for

AFDM in doubly dispersive channels. The system model section formalizes the

Discrete Affine Fourier Transform (DAFT), the chirp-periodic prefix (CPP), the

doubly dispersive channel, the DAFT-domain effective channel matrix, and the chirp-

parameter selection rule that ensures path separability in the transformed domain.

We then propose a low-complexity Vector Approximate Message Passing (VAMP)

detector that replaces the singular value decomposition of the standard VAMP

with a preconditioned conjugate gradient (CG) solver, reducing the per-iteration

complexity from cubic to quadratic in the number of subcarriers. We then propose

a Multi-Path Parallel Interference Cancellation (MP-PIC) detector that exploits the

complete path separation property of AFDM by performing independent Bayesian

inference on each resolvable delay-Doppler path and combining the path-wise

estimates through reliability-weighted decision statistics combining (RWDSC). We

then propose a Variational Bayesian (VB) detector for AFDM with low-resolution

Analog-to-Digital Converters (ADCs) that incorporates the quantization constraints

through a truncated Gaussian likelihood and exploits the sparse delay-Doppler
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structure of the AFDM channel under a mean-field factorization of the posterior.

Computational complexity and simulation results are presented for each detector

at the end of the chapter.

4.1 AFDM System Model

4.1.1 Discrete Affine Fourier Transform

Let x ∈ CN denote the transmitted symbol vector drawn from a constellation

alphabet A. The DAFT transformation matrix A ∈ CN×N is defined as

A = Λc2 FΛc1 , (4.1)

where F is the normalized DFT matrix with entries

[F]m,n = 1√
N

exp
(︃
−j 2πmn

N

)︃
, m,n= 0, . . . ,N −1, (4.2)

and Λc is the diagonal chirp modulation matrix

Λc = diag
(︂
exp

(︂
−j2πcn2

)︂)︂
, n= 0, . . . ,N −1. (4.3)

The inverse DAFT satisfies A−1 = AH = ΛH
c1 FH ΛH

c2 due to the unitary property

of both F and the diagonal chirp matrices.

4.1.2 AFDM Modulation

The time-domain transmitted signal is obtained through the inverse DAFT as

s = AHx. (4.4)
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A chirp-periodic prefix of length Lcp is appended before transmission, defined by

s[n] = s[N +n] exp
(︂
−j2πc1(N2 +2Nn)

)︂
,

n=−Lcp, . . . ,−1.
(4.5)

The CPP makes the multipath channel effectively circular for the DAFT, preserves

quadratic-phase continuity and symbol orthogonality. With Lcp ≥Lmax, it prevents

inter-block interference and enables low-complexity detection in the DAFT domain.

4.1.3 Doubly Dispersive Channel

We consider a doubly dispersive channel with P resolvable paths [17]. The time-

varying impulse response is

gn(l) =
P∑︂

i=1
hi exp(−j2πfin)δ(l− li), (4.6)

where hi ∼ CN(0,σ2
h/P ) is the complex path gain with Rayleigh fading statistics,

fi is the normalized Doppler frequency, and li ∈ {0,1, . . . ,Lmax} is the path delay

in samples. The normalized Doppler shift of the ith path is

νi =Nfi = αi +ai, (4.7)

where αi ∈ Z is the integer part and ai ∈ (−1/2,1/2] is the fractional part.

After removing the chirp-periodic prefix, the discrete-time baseband channel

model in matrix form is

r = Htd s+w, (4.8)

where Htd ∈ CN×N is the time-domain channel matrix

Htd =
P∑︂

i=1
hi ΓCPP,i ∆νi Πli , (4.9)
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with Π the cyclic forward-shift matrix, ∆νi = diag(exp(−j2πfin)) the Doppler

modulation operator, and ΓCPP,i the CPP correction matrix. The cyclic forward-

shift matrix is

Π =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 · · · 0 1

1 · · · 0 0

... . . . ... ...

0 · · · 1 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (4.10)

and the CPP correction matrix is ΓCPP,i = diag(γi[n])N−1
n=0 with

γi[n] =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
exp

(︂
−j2πc1(N2−2N(li−n))

)︂
n < li,

1 n≥ li.
(4.11)

The additive noise vector w ∈ CN follows the distribution

w∼ CN(0,γ−1
w IN ), (4.12)

where γw > 0 is the noise precision parameter, equivalently σ2 = γ−1
w .

4.1.4 DAFT-Domain Representation

Applying DAFT demodulation at the receiver yields

y = Ar = AHtd AH x +Aw. (4.13)

Define the effective DAFT-domain channel matrix as

Heff = AHtd AH =
P∑︂

i=1
hi Hi, (4.14)
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where Hi = AΓCPP,i ∆νi Πli AH . Since A is unitary, the transformed noise main-

tains the same statistical properties

w̃ = Aw∼ CN(0,γ−1
w IN ), (4.15)

and the measurement model becomes

y = Heff x + w̃. (4.16)

For integer Doppler shifts (ai = 0), each row of Hi has exactly one non-zero

entry. The (p,q)th entry of Hi is

[Hi]p,q =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
exp

(︂
j 2π

N (Nc1l2i − qli +Nc2(q2−p2))
)︂

q = [p+loci]N ,

0 otherwise,
(4.17)

where loci = [αi + 2Nc1li]N is the location offset of the ith path. For fractional

Doppler, the entries spread over 2ξν +1 columns due to spectral leakage

[Hi]p,q =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
exp(jψi,p,q)

N
Fi(p,q), (p+loci− ξν)N ≤ q ≤ (p+loci + ξν)N ,

0, otherwise,
(4.18)

where

Fi(p,q) = exp(j2π(p− q+ai +loci))−1
exp

(︂
j 2π

N (p− q+ai +loci)
)︂
−1

. (4.19)

4.1.5 Parameter Selection

For a channel with maximum delay Lmax and maximum integer Doppler αmax,

the DAFT parameter c1 is selected to ensure path separability in the transformed

domain [17]. For integer Doppler shifts,

c1 = 2αmax +1
2Nmini̸=j(lj− li)

, (4.20)
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and for fractional Doppler shifts,

c1 = 2(αmax + ξν)+1
2Nmini̸=j(lj− li)

, (4.21)

where ξν ≤ kν accounts for fractional Doppler spreading. These choices ensure

loci ̸= locj for all i ≠ j when 2(αmax + ξν)lmax + 2(αmax + ξν) + lmax < N . The

second chirp parameter is chosen as

c2 = 1
N2π

, (4.22)

which is a sufficiently small irrational number to prevent path overlap in the DAFT

domain. With proper parameter selection, each transmitted symbol x[q] affects Lp

received symbols, where

Lp =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
P integer Doppler,

(2ξν +1)P fractional Doppler.
(4.23)

4.1.6 Right Orthogonal Invariance of AFDM Channel

The VAMP algorithm [30,70] requires the measurement matrix to satisfy approxi-

mate right orthogonal invariance, meaning HeffV d≈Heff for any unitary matrix

V. While the AFDM effective channel matrix Heff does not exhibit strict right

orthogonal invariance, it possesses sufficient randomness through the channel path

gains {hi}Pi=1 to enable effective VAMP operation. Recall from (4.14) that

Heff =
P∑︂

i=1
hi Hi, (4.24)

where hi ∼ CN(0,σ2
h/P ) are independent complex Gaussian random variables and

Hi are deterministic matrices depending on the path delays {li} and Doppler

shifts {fi}. Under the assumption of rich scattering with propagation paths having

distinct delay-Doppler coordinates, the random linear combination structure ensures
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that Heff exhibits approximate distributional invariance under right multiplication

by unitary matrices. This property has been empirically validated for doubly

dispersive channels and forms the basis for applying VAMP to AFDM detection

problems.

4.2 Standard VAMP Detector with SVD

The detection problem addressed in this chapter is stated as follows. Given the

observation model y = Heff x + w̃ with known Heff , the objective is the minimum

mean square error estimate x̂ =E[x | y] under the separable prior p(x) =∏︁
m p(x[m])

supported on the constellation A, with the symbol decision obtained by slicing

the posterior mean. Exact evaluation of this expectation is intractable for |A|N

candidate vectors, and the AMP, VAMP and variational algorithms developed in

the remainder of the chapter are alternative tractable approximations to it. The

MAP formulation is not pursued, since the sliced MMSE estimate minimizes symbol

error rate under the assumed prior.

4.2.1 VAMP Framework

The VAMP iteration alternates between two modules. The linear module reconciles

the estimate with the observation through an LMMSE step that inverts the channel,

while the denoising module reconciles it with the discrete constellation prior. The

Onsager-corrected messages exchanged between them keep the effective noise seen

by each module approximately Gaussian and independent of the estimate, which is

what allows the pair to converge to the replica-predicted MMSE.

VAMP solves the estimation problem by alternating between two modules [30].

The first module performs element-wise denoising exploiting prior information about

signal structure. The second module implements linear minimum mean-squared

error estimation incorporating measurement information. These operations are

connected through Onsager correction terms [29].
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Let rk ∈CN denote the iteration-k input to the denoiser with associated precision

parameter γk > 0. The denoiser output is

x̂k = g1(rk,γk), (4.25)

where g1 operates element-wise on vector components. The divergence of the

denoiser is

αk = 1
N

N∑︂
n=1

∂g1(rk,n,γk)
∂rk,n

, (4.26)

which measures the average sensitivity of the denoiser output to input perturbations.

The Onsager-corrected estimate is

r̃k = x̂k−αkrk

1−αk
, (4.27)

with corresponding precision

γ̃k = γk(1−αk)
αk

. (4.28)

4.2.2 MMSE Denoising

For a finite constellation A = {a1, . . . ,aM}, the MMSE denoiser implements

g1(r,γ) =
∑︁M

m=1am exp
(︂
−γ|r−am|2

)︂
∑︁M

m=1 exp(−γ|r−am|2)
= E[x|r,γ], (4.29)

under the posterior distribution

p(x|r,γ)∝ exp
(︂
−γ|r−x|2

)︂
p(x), (4.30)
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where p(x) = M−1∑︁M
m=1 δ(x− am) for uniform priors. The denoiser derivative

follows from the variance formula

g′
1(r,γ) = ∂g1(r,γ)

∂r
= γ var[x|r,γ], (4.31)

where the conditional variance is

var[x|r,γ] =
∑︁M

m=1 |am|2 exp
(︂
−γ|r−am|2

)︂
∑︁M

m=1 exp(−γ|r−am|2)
−|g1(r,γ)|2. (4.32)

4.2.3 SVD-Based LMMSE Estimation

The linear estimation step solves the regularized least-squares problem

x̂2,k = argminz γw∥y−Heffz∥22 + γ̃k∥z− r̃k∥22. (4.33)

The solution is given by

x̂2,k = (γwHH
effHeff + γ̃kI)−1(γwHH

effy + γ̃kr̃k). (4.34)

Compute the economy singular value decomposition

Heff = UDiag(s)VH , (4.35)

where U ∈ CN×R and V ∈ CN×R satisfy UHU = VHV = IR with R = rank(Heff),

and s ∈ RR
+ contains the singular values. Define the preconditioned measurement

vector

ỹ = Diag(s)−1 UH y. (4.36)

The LMMSE estimate can be computed efficiently as

x̂2,k = Vdk, (4.37)
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where the coefficient vector is

dk = γw(γws2 + γ̃k1)−1⊙ [s2⊙ ỹ + γ̃kγ
−1
w VH r̃k], (4.38)

and⊙ denotes element-wise multiplication. The divergence of the LMMSE estimator

is

α2,k = γ̃k

N
Tr
[︂
(γwHH

effHeff + γ̃kI)−1
]︂

= γ̃k

N

R∑︂
n=1

1
γws2

n + γ̃k
. (4.39)

The updated parameters follow

γk+1 = γ̃kα2,k

1−α2,k
, rk+1 = x̂2,k−α2,kr̃k

1−α2,k
. (4.40)

Algorithm 4.1 VAMP with SVD for AFDM
Require: Heff , y, γw, g1(·,γ), Kit

1: Compute Heff = UDiag(s)VH , ỹ = Diag(s)−1UHy
2: Initialize r0, γ0
3: for k = 0 to Kit−1 do
4: x̂k = g1(rk,γk), αk =N−1∑︁

n g
′
1(rk,n,γk)

5: r̃k = (x̂k−αkrk)/(1−αk), γ̃k = γk(1−αk)/αk

6: dk = γw(γws2 + γ̃k)−1⊙ s2

7: γk+1 = γ̃kN
−1∑︁

n dk,n/(R/N −N−1∑︁
n dk,n)

8: rk+1 = r̃k +(N/R)VDiag(dk/⟨dk⟩)(ỹ−VH r̃k)
9: end for

10: return x̂Kit

4.3 Low-Complexity VAMP Detector with

Conjugate Gradient

4.3.1 Problem Formulation

The LMMSE estimation step in VAMP requires solving the regularized least-squares

problem

x̂2,k = argminz γw∥y−Heffz∥22 + γ̃k∥z− r̃k∥22, (4.41)
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which is equivalent to solving the linear system

Qk z = bk, (4.42)

where the system matrix is

Qk = γwHH
effHeff + γ̃kIN , (4.43)

and the right-hand side vector is

bk = γwHH
effy + γ̃kr̃k. (4.44)

The matrix Qk is Hermitian positive definite since zHQkz = γw∥Heffz∥22 + γ̃k∥z∥22 >

0 for any non-zero vector z. Direct matrix inversion requires O(N3) operations,

while the conjugate gradient method provides an iterative alternative using only

O(N2) matrix-vector products per iteration.

4.3.2 Diagonal Preconditioning

We employ a diagonal preconditioner defined as M = Diag(diag(Qk)) with the nth

diagonal entry

Mnn = γw

N∑︂
m=1
|[Heff ]m,n|2 + γ̃k, n= 1, . . . ,N. (4.45)

In vector notation, the diagonal preconditioner is

m = γw diag(HH
effHeff)+ γ̃k1, (4.46)
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where M = Diag(m) and the inverse preconditioner is applied as M−1v = m−1⊙v.

The preconditioned system

M−1Qk z = M−1bk, (4.47)

has substantially improved conditioning compared to the original system.

4.3.3 Preconditioned Conjugate Gradient Solver

The conjugate gradient solver replaces the explicit inverse by a sequence of matrix-

vector products. Since Heff is banded, each product costs O(N logN) rather than

O(N2), and the preconditioner keeps the number of iterations required for a fixed

residual tolerance essentially independent of N .

The preconditioned CG algorithm maintains approximations z(i) with residual

vector

r(i)
CG = bk−Qk z(i), (4.48)

and preconditioned residual

z(i)
pre = M−1r(i)

CG = m−1⊙ r(i)
CG. (4.49)

Initialize with z(0) = 0, r(0)
CG = bk, z(0)

pre = m−1⊙bk, and p(1) = z(0)
pre. For iterations

i= 1,2, . . . ,KCG, compute the matrix-vector product

q(i) = Qk p(i) = γwHH
eff(Heffp(i))+ γ̃kp(i), (4.50)

followed by the step size

s(i) = (r(i−1)
CG )Hz(i−1)

pre
(p(i))Hq(i) . (4.51)

Update the solution and residual as

z(i) = z(i−1) + s(i)p(i), r(i)
CG = r(i−1)

CG − s(i)q(i). (4.52)
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Terminate if ∥r(i)

CG∥2 < ϵtol∥bk∥2 with ϵtol = 10−7. Otherwise, compute the precon-

ditioned residual z(i)
pre = m−1⊙ r(i)

CG and the conjugate coefficient

β(i) = (r(i)
CG)Hz(i)

pre

(r(i−1)
CG )Hz(i−1)

pre
, (4.53)

and update the search direction as

p(i+1) = z(i)
pre +β(i)p(i). (4.54)

The final solution z(KCG) provides the LMMSE estimate x̂2,k.

4.3.4 Simultaneous Trace Estimation

The Onsager correction parameter requires computing

α2,k = γ̃k

N
Tr[Q−1

k ]. (4.55)

The CG iterations provide trace estimation through the Lanczos decomposition

property, where search directions {p(i)} span the Krylov subspace. Accumulating

τk =
KCG∑︂
i=1

1
(p(i))Hq(i) , (4.56)

approximates Tr[Q−1
k ]≈ τk with increasing accuracy as KCG grows. For numerical

stability, only the real part is accumulated

τk← τk +Re
(︄

1
(p(i))Hq(i)

)︄
. (4.57)

The Onsager parameter η corresponding to α2,k is estimated as

η = min
(︃
γ̃kτk

N
, 0.95

)︃
, (4.58)
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where the threshold 0.95 ensures 1−η remains bounded away from zero.

4.3.5 VAMP Parameter Updates

After obtaining x̂2,k = z and Onsager parameter η, the VAMP parameters are

updated as

γk+1 = γ̃kη

1−η , rraw
k+1 = z−ηr̃k

1−η . (4.59)

Damping is applied to mitigate oscillations

rk+1 = ρrraw
k+1 +(1−ρ)rk, (4.60)

where ρ= 0.97 provides momentum-like smoothing.

4.3.6 Denoiser Module

The denoiser processes rk with precision γk to produce x̂k and divergence αk. For

constellation A = {a1, . . . ,aM} with uniform prior, the MMSE denoiser operates

element-wise as

[x̂k]n = g1([rk]n,γk) =
∑︁M

m=1am exp
(︂
−γk|[rk]n−am|2

)︂
∑︁M

m=1 exp(−γk|[rk]n−am|2)
, (4.61)

for n= 1, . . . ,N , representing the posterior mean under p(x|r,γk)∝ exp
(︂
−γk|r−x|2

)︂
p(x).

The divergence is computed as

αk = 1
N

N∑︂
n=1

∂g1([rk]n,γk)
∂[rk]n

, (4.62)

where the derivative is
∂g1(r,γk)

∂r
= γk var[x|r,γk], (4.63)
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with conditional variance

var[x|r,γk] =
∑︁M

m=1 |am|2 exp
(︂
−γk|r−am|2

)︂
∑︁M

m=1 exp(−γk|r−am|2)
−|g1(r,γk)|2. (4.64)

The Onsager-corrected quantities are

r̃k = x̂k−αkrk

1−αk
, γ̃k = γk(1−αk)

αk
, (4.65)

which serve as the effective prior for the LMMSE step. The algorithm initializes

with r0 = 0N and γ0 = 1.

Precision parameters are clipped to [γmin,γmax] with γmin = 10−11 and γmax =

1011 via

γ = clip(γ,γmin,γmax) = max(min(γ,γmax),γmin), (4.66)

applied to both γ̃k and γk+1.

4.3.7 Convergence Properties

The CG error satisfies

∥z(i)−z∗∥Qk
≤ 2

(︄√
κ−1√
κ+1

)︄i

∥z(0)−z∗∥Qk
, (4.67)

where κ = λmax(M−1Qk)/λmin(M−1Qk) is the condition number. The diagonal

preconditioner ensures convergence within KCG = 10 to 20 iterations for typical

AFDM channels.

4.3.8 Complexity of VAMP-CG

Each VAMP iteration performs MMSE denoising with O(MN) complexity, where

M is the constellation size, followed by KCG conjugate gradient iterations. Each

CG iteration requires two matrix-vector products with Heff , each costing O(N2)
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Algorithm 4.2 VAMP with Conjugate Gradient for AFDM
Require: Heff , y, γw, g1, Kit, KCG

1: Initialize r0 = 0, γ0 = 1, ρ= 0.97
2: for k = 0 to Kit−1 do
3: x̂k = g1(rk,γk), αk =N−1∑︁

n g
′
1(rk,n,γk)

4: r̃k = (x̂k−αkrk)/(1−αk)
5: γ̃k = clip(γk(1−αk)/αk,γmin,γmax)
6: m = γw diag(HH

effHeff)+ γ̃k1
7: b = γwHH

effy + γ̃kr̃k

8: Initialize z = 0, rCG = b, zpre = m−1⊙ rCG, p = zpre, τ = 0
9: for i= 1 to KCG do

10: q = γwHH
eff(Heffp)+ γ̃kp

11: s= (rH
CGzpre)/(pHq)

12: z← z+ sp, rCG← rCG− sq
13: τ ← τ +Re(1/(pHq))
14: if ∥rCG∥2 < 10−7∥b∥2 then
15: break
16: end if
17: znew

pre ←m−1⊙ rCG
18: β = (rH

CGznew
pre )/(rH

CGzpre)
19: p← znew

pre +βp, zpre← znew
pre

20: end for
21: η = min(τ γ̃k/N, 0.95)
22: γk+1 = clip(γ̃kη/(1−η),γmin,γmax)
23: rraw

k+1 = (z−ηr̃k)/(1−η)
24: rk+1 = ρrraw

k+1 +(1−ρ)rk

25: end for
26: return x̂Kit
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operations. For Kit VAMP iterations, the total complexity of VAMP-CG is

CVAMP-CG = O(KitKCGN
2 +KitMN). (4.68)

In contrast, VAMP-SVD requires singular value decomposition with O(N3) com-

plexity as preprocessing, while direct LMMSE detection requires matrix inversion

with the same cubic complexity. For typical parameters Kit = 10 and KCG = 10,

the proposed method achieves O(100N2) complexity, yielding a reduction factor

of approximately N/100 compared to cubic methods. For N = 512 subcarriers,

this translates to roughly 5× speedup, while for N = 1024 the speedup exceeds

10×, making the method highly suitable for real-time implementation in large-scale

AFDM systems.

4.4 Multi-Path Parallel Interference Cancellation

Detector

The Multi-Path Parallel Interference Cancellation (MP-PIC) detector exploits the

complete path separation property of AFDM in the DAFT domain [17]. With

proper chirp parameter selection, each transmitted symbol x[q] creates distinct, non-

overlapping observations at the receiver corresponding to different delay-Doppler

paths. The detector performs Bayesian inference across these independent path

observations and combines them through reliability-weighted decision statistics

combining.

4.4.1 Problem Formulation

The optimal MAP detector is formulated as

x̂MAP = arg max
x∈AN

p(x|y) = arg max
x∈AN

p(y|x)p(x)
p(y) , (4.69)
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with the likelihood function p(y|x) taken as Gaussian and represented by

p(y|x) = 1
(πσ2)N

exp
(︄
−∥y−Heffx∥2

σ2

)︄
. (4.70)

Assuming a uniform prior, the MAP solution reduces to ML with exponential

complexity O(|A|N ), which is impractical.

4.4.2 Factorized Gaussian Approximation

We approximate the posterior probability by a factorizable distribution that exploits

the path structure of AFDM

p(x|y)≈
N−1∏︂
q=0

Lq∏︂
i=1

N

(︃
x[q]; x(t)

PIC,q,i, Σ
(t)
q,i

)︃
, (4.71)

where Lq is the number of paths affecting symbol q, x(t)
PIC,q,i is the soft estimate

of x[q] from path i at iteration t and Σ(t)
q,i is the variance of the estimate from

path i. This factorization is motivated by three properties of the AFDM effective

channel [48]. Path separation ensures independent observations per path. Residual

noise after interference cancellation is approximately Gaussian. The product form

enables efficient computation.

4.4.3 Multi-Path Parallel Interference Cancellation

For symbol q, let Rq = {r1
q , r

2
q , . . . , r

Lq
q } denote the set of received symbol indices

affected by x[q], where ri
q = [q− loci]N . Conversely, for received symbol y[p], let

Cp = {c1p, c2
p, . . . , c

Lp
p } denote the transmitted symbol indices contributing to y[p],

where cip = [p+ loci]N . The PIC estimate of x[q] from path i at iteration t is
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formulated as

x
(t)
PIC,q,i = 1

|[Hi]ri
q,q|2

[Hi]∗ri
q,q× ⎛⎜⎜⎝y[ri

q]−
∑︂

j∈C
ri
q
\{q}

[Heff ]ri
q,j x̂

(t−1)[j]

⎞⎟⎟⎠ . (4.72)

Under the assumption that interference is perfectly canceled, the variance of x(t)
PIC,q,i

is

Σ(t)
q,i = σ2

|[Hi]ri
q,q|2

. (4.73)

After interference cancellation, ỹ[ri
q] = [Hi]ri

q,q x[q] + w̃[ri
q]. Applying matched

filtering and noting w̃[ri
q]∼ CN(0,σ2) yields the result.

4.4.4 Bayesian Symbol Estimation

Under the factorized approximation, the posterior for symbol q is given by

p(x[q]|y)∝
Lq∏︂
i=1

exp
⎛⎝−|x[q]−x(t)

PIC,q,i|2

2Σ(t)
q,i

⎞⎠ . (4.74)

For the discrete signal constellation A, the probability p(x[q] = a|y) can be expanded

as

p(x[q] = a|y) =

∏︁Lq

i=1 exp
(︄
−

|a−x
(t)
PIC,q,i|

2

2Σ(t)
q,i

)︄
∑︁

b∈A
∏︁Lq

i=1 exp
(︄
−

|b−x
(t)
PIC,q,i|2

2Σ(t)
q,i

)︄ . (4.75)

The MAP estimate is reformulated as

x̂MAP[q] = argmax
a∈A

p(x[q] = a|y), (4.76)
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with the conditional mean (MMSE estimate)

x̂MMSE[q] = E[x[q]|y] =
∑︂
a∈A

a ·p(x[q] = a|y), (4.77)

and the posterior variance

V (t)
q =

∑︂
a∈A
|a− x̂MMSE[q]|2 ·p(x[q] = a|y). (4.78)

For numerical stability, we use log-domain computation

logp(x[q] = a|y) =−
Lq∑︂
i=1

|a−x(t)
PIC,q,i|2

2Σ(t)
q,i

− logZq, (4.79)

where logZq is the log-sum-exp normalization constant.

4.4.5 Reliability-Weighted Decision Statistics Combining

4.4.5.1 Inter-Path Combining

Before computing the Bayesian estimate, we first combine the Lq PIC estimates as

x̄
(t)
PIC,q =

Lq∑︂
i=1

w
(t)
q,i x

(t)
PIC,q,i. (4.80)

The weights that minimize E[|x[q]− x̄(t)
PIC,q|2] are

w
(t)
q,i =

(Σ(t)
q,i)−1∑︁Lq

j=1(Σ(t)
q,j)−1

. (4.81)

The variance of the combined estimate is

Σ̄(t)
q =

⎛⎝ Lq∑︂
i=1

1
Σ(t)

q,i

⎞⎠−1

. (4.82)
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4.4.5.2 Inter-Iteration Combining

To accelerate convergence, we combine estimates across iterations

x̃(t)[q] = ρ(t)
q x̂(t)[q]+ (1−ρ(t)

q ) x̃(t−1)[q], (4.83)

where the weighting coefficient is

ρ(t)
q = e

(t−1)
q

e
(t)
q + e

(t−1)
q

, (4.84)

with instantaneous squared error

e(t)
q =

⃦⃦⃦⃦
⃦ [Heff ]H:,q
∥[Heff ]:,q∥2

(y−Heff x̂(t))
⃦⃦⃦⃦
⃦

2

. (4.85)

Algorithm 4.3 summarizes the complete MP-PIC detector. The per-iteration

complexity is O(|A|LpN).

4.4.6 Computational Complexity of MP-PIC

The computational complexity of the MP-PIC algorithm consists of initialization

and iterative components. The initialization requires computing x̂(0) = (HH
effHeff +

σ2I)−1HH
effy, which involves matrix inversion with complexity O(N3). This can be

optimized to O(N2) by exploiting the sparse banded structure of Heff using band

matrix algorithms. The per-iteration complexity is dominated by three operations.

MP-PIC computation requires O(NL2
p) operations for interference cancellation

across all symbols and paths. Bayesian symbol estimation involves evaluating |A|

constellation points for each of N symbols with Lp paths, yielding O(N |A|Lp).

RWDSC requires O(NLp) operations. The overall per-iteration complexity is

therefore

Citer = O(N |A|Lp +NL2
p) = O(N |A|Lp), (4.86)
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Algorithm 4.3 MP-PIC Detector for AFDM
1: Input: y, Heff , σ2, A, tmax, ε
2: Output: x̂
3: Initialize:
4: x̂(0) = (HH

effHeff +σ2I)−1HH
effy

5: Extract path structure Rq, Cp for all q,p
6: x̃(0) = x̂(0), t= 1
7: while t≤ tmax do
8: Step 1: Multi-Path Parallel Interference Cancellation
9: for each symbol q = 0, . . . ,N −1 do

10: for each path i= 1, . . . ,Lq do
11: rq

i ← [q− loci]N
12: int←∑︁

j∈C
r

q
i

\{q}[Heff ]rq
i ,j x̂

(t−1)[j]

13: x
(t)
PIC,q,i←

[Hi]∗rq
i

,q
(y[rq

i ]−int)

|[Hi]rq
i

,q
|2

14: Σ(t)
q,i← σ2

|[Hi]rq
i

,q
|2

15: end for
16: end for
17: Step 2: Bayesian Symbol Estimation
18: for each symbol q = 0, . . . ,N −1 do
19: for each a ∈A do
20: logprob[a]←−∑︁Lq

i=1
|a−x

(t)
PIC,q,i|

2

2Σ(t)
q,i

21: end for
22: prob← exp(logprob− logsumexp(logprob))
23: x̂(t)[q]←∑︁

a∈Aa ·prob[a]
24: V

(t)
q ←∑︁

a∈A |a− x̂(t)[q]|2 ·prob[a]
25: end for
26: Step 3: Reliability-Weighted Decision Statistics Combining
27: for each symbol q = 0, . . . ,N −1 do
28: residual← y−Heff x̂(t)

29: e
(t)
q ← |[Heff ]H:,q residual|2

∥[Heff ]:,q∥4

30: ρ
(t)
q ← e

(t−1)
q

e
(t)
q +e

(t−1)
q

31: x̃(t)[q]← ρ
(t)
q x̂(t)[q]+ (1−ρ(t)

q )x̃(t−1)[q]
32: end for
33: Step 4: Convergence Check
34: if ∥x̃(t)− x̃(t−1)∥< ε then
35: break
36: end if
37: x̂(t)← x̃(t)

38: t← t+1
39: end while
40: Return: Hard decision x̂ = argmina∈A |a− x̃(t)[q]| for each q
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since typically |A| ≫ Lp for practical modulation schemes. With tlast iterations

required for convergence, the total complexity is

Ctotal = O(N3 + tlastN |A|Lp). (4.87)

For properly tuned AFDM parameters ensuring strong diagonal dominance, conver-

gence occurs within tlast = 3 to 5 iterations, making the iterative cost comparable

to a single LMMSE matrix inversion while achieving superior performance through

path diversity exploitation.

4.4.7 Convergence Analysis

4.4.7.1 Matrix Formulation

Define R = HH
effHeff +σ2I and b = HH

effy. The LMMSE solution satisfies

RxLMMSE = b. (4.88)

Decompose R = D+L+LH , where D is diagonal and L is strictly lower triangular.

The MP-PIC update (without inter-iteration combining) can be written as

x̂(t) =−(D+L)−1LH x̂(t−1) +(D+L)−1b. (4.89)

This is equivalent to the Gauss-Seidel iteration for solving Rx = b. The MP-PIC

detector converges to the LMMSE solution if and only if the spectral radius of the

iteration matrix satisfies

ρ(MGS) = ρ
(︂
−(D+L)−1LH

)︂
< 1. (4.90)
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From the update equation,

x̂(t)−xLMMSE = MGS(x̂(t−1)−xLMMSE). (4.91)

By induction, x̂(t) − xLMMSE = Mt
GS(x̂(0) − xLMMSE). Convergence occurs iff

limt→∞ Mt
GS = 0, which requires ρ(MGS)< 1.

If R = HH
effHeff +σ2I is a positive definite Hermitian matrix, then ρ(MGS)< 1

and the detector converges. For any eigenvector v of MGS with eigenvalue λ,

−(D+L)−1LHv = λv. (4.92)

Multiplying both sides by vH(D+L),

−vHLHv = λvH(D+L)v. (4.93)

Since R is positive definite,

vHRv = vH(D+L+LH)v> 0. (4.94)

Let a= Re(vHLHv) and b= Im(vHLHv). Then

vHDv +2a > 0⇒a >−vHDv
2 . (4.95)

From the eigenvalue equation,

λ= a− jb
vHDv +a− jb

, (4.96)

and the eigenvalue magnitude is

|λ|2 = a2 + b2

(vHDv +a)2 + b2
< 1, (4.97)
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since vHDv +a > 0. Thus |λ|< 1 for all eigenvalues. For well-conditioned AFDM

channels where Heff has full column rank and σ2 > 0, R is always positive definite,

guaranteeing convergence.

4.4.7.2 Rate of Convergence

The error at iteration t satisfies

∥x̂(t)−xLMMSE∥ ≤ ρ(MGS)t ∥x̂(0)−xLMMSE∥. (4.98)

For ε-accuracy, the required number of iterations is

tε =
⎡⎢⎢⎢

log
(︂
ε/∥x̂(0)−xLMMSE∥

)︂
logρ(MGS)

⎤⎥⎥⎥ . (4.99)

For AFDM with proper parameter selection, the banded structure of Heff leads to

strong diagonal dominance in R, resulting in ρ(MGS)≪ 1 and fast convergence

(typically 3 to 5 iterations).

4.5 Variational Bayesian Detector for Quantized

AFDM

The practical realization of AFDM systems must account for hardware-induced

impairments, particularly the quantization distortion arising from finite-resolution

analog-to-digital converters [34,35,77]. Quantization noise differs from thermal noise

in critical ways. It is signal dependent, has non-Gaussian statistics, and introduces

nonlinear distortions that violate the assumptions underlying conventional linear

detection. We propose a Variational Bayesian detection framework [32, 33] that

explicitly incorporates the quantization constraints through a truncated Gaussian

likelihood while exploiting the sparse delay-Doppler structure of the AFDM channel.

Three families of detectors are mainly available for the quantized observation
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model. Bussgang-based linear receivers replace the quantizer by an equivalent linear

gain plus uncorrelated distortion, which is analytically convenient but discards

the interval information carried by each quantized sample. Generalized AMP

handles the nonlinearity exactly through a component wise output channel, but

its convergence relies on the measurement matrix being sufficiently close to i.i.d.

Gaussian, a condition the banded Heff of AFDM does not satisfy. The mean-

field variational approach adopted here retains the exact quantization likelihood

while imposing no distributional assumption on Heff , and it guarantees monotone

convergence of the evidence lower bound. This combination motivates its selection.

4.5.1 Quantization Model

The uniform bq-bit scalar quantizer operates on real and imaginary parts separately

rq[k] = QR(R{r[k]})+ jQI(I{r[k]}). (4.100)

For input z ∈ R, the quantizer is defined by thresholds {uj}2
bq

j=0 and output levels

{cj}2
bq

j=1 as

Q(z) =
2bq∑︂
j=1

cj ⊮(uj−1 < z ≤ uj), (4.101)

where ⊮(·) denotes the indicator function, equal to unity when its argument is true

and zero otherwise, so that ⊮(uj−1 < z ≤ uj) selects the output level cj associated

with the interval (uj−1,uj ], cj = (uj−1 +uj)/2 and the step size is

∆q = 2maxk(|R{r[k]}|, |I{r[k]}|)
2bq

. (4.102)

For symmetric quantization, uj = −2bq−1∆q + j∆q, with u0 = −∞ and u2bq =

∞. The quantization error is eq[k] = rq[k]− r[k], with statistics E[eq[k]] = 0 and
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E[|eq[k]|2] = ∆2
q/12. The complete quantized observation is written as

rq = Q(Htds+w) = r+eq. (4.103)

Applying DAFT at the receiver, the DAFT-domain quantized observation is

yq = Arq = AQ(HtdAHx +w), (4.104)

which can be written as yq = Q(Heffx + w̃) when the quantization is applied in the

DAFT domain after the unitary transform.

4.5.2 Probabilistic Model Construction

We formulate the detection problem in a Bayesian framework by modeling all

unknown quantities as random variables with appropriate priors, where the trans-

mitted symbol vector x is the primary variable of interest and the joint distribution

incorporates the symbol prior, the conditional likelihood of received samples given

the symbols and channel, and the quantization likelihood relating analog and

quantized observations

p(yq,r,x|Heff) = p(yq|r)p(r|x,Heff)p(x). (4.105)

The quantization likelihood decomposes as

p(yq|r) =
N−1∏︂
k=0

p(yq[k]|r[k]). (4.106)

For each observation component, the quantization likelihood is determined by the

quantization interval. Given the quantized value yq[k] with real part in interval
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[ujr ,ujr+1) and imaginary part in [uji ,uji+1),

p(yq[k]|r[k]) = ⊮(ujr < R{r[k]} ≤ ujr+1)

× ⊮(uji < I{r[k]} ≤ uji+1).
(4.107)

The channel output likelihood follows a complex Gaussian distribution

p(r|x,Heff) = CN(r;Heffx,N0IN ). (4.108)

We assume uniform priors over the discrete constellation

p(x) =
N−1∏︂
m=0

p(x[m]) =
N−1∏︂
m=0

1
|A|

. (4.109)

The detection objective is to compute the posterior marginals p(x[m]|yq,Heff) for

each symbol. Exact computation requires evaluating an intractable marginalization

over the continuous latent variables r and summing over all possible symbol

configurations.

4.5.3 Mean-Field Variational Approximation

The mean-field approximation restricts the variational family to distributions that

factorize completely across the symbol indices, so that each symbol is treated as

a posteriori independent of the others. The dependence induced by the channel

is not discarded but is retained in an averaged form, since each factor is updated

against the expectation of the joint log-likelihood taken over all the remaining

factors. The name reflects this: every symbol responds to the mean field exerted

by its neighbors rather than to their joint realization.

We approximate the posterior using a factorized distribution [32]

q(x) =
N−1∏︂
m=0

qm(x[m]) =
N−1∏︂
m=0

∑︂
a∈A

πm,a δ(x[m]−a), (4.110)
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where πm,a represents the probability that symbol m takes value a ∈ A. The

variational objective is to maximize the Evidence Lower Bound (ELBO)

L(q) = Eq[logp(yq,x|Heff)]−Eq[logq(x)]. (4.111)

By decomposing the ELBO and isolating terms involving qm(x[m]), we obtain the

standard mean-field update

logq∗
m(x[m]) = Eq−m [logp(yq,x|Heff)]+const, (4.112)

where q−m =∏︁
m′ ̸=m qm′(x[m′]) denotes the approximate posterior with the mth

factor excluded. Due to the sparsity of Heff , each observation yq[k] depends only

on symbols in a neighborhood

M(k) = {m | hk,m ̸= 0}. (4.113)

Conversely, each symbol x[m] affects observations in

N(m) = {k | hk,m ̸= 0}. (4.114)

The ELBO is framed as

logq∗
m(x[m]) =

∑︂
k∈N(m)

Eq−m [logp(yq[k]|r[k])]+const. (4.115)

4.5.4 Gaussian Approximation of Interference

For fixed x[m] = a, the received signal at observation k is

r[k] = hk,ma+
∑︂

m′∈M(k)\{m}
hk,m′ x[m′]+w[k]. (4.116)
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We approximate the interference-plus-noise term as a complex Gaussian random

variable. We define the interference statistics as

µ
(−m)
k =

∑︂
m′∈M(k)\{m}

hk,m′ x̄m′ , (4.117)

σ
2(−m)
k =

∑︂
m′∈M(k)\{m}

|hk,m′|2 vm′ , (4.118)

where the moments under q are

x̄m = Eqm [x[m]] =
∑︂
a∈A

aπm,a, (4.119)

vm = Eqm [|x[m]− x̄m|2] =
∑︂
a∈A
|a|2πm,a−|x̄m|2. (4.120)

Under this approximation, the received signal component is modeled as

r[k] |x[m] = a∼

CN(µ(−m)
k +hk,ma, σ

2(−m)
k +N0).(4.121) This Gaussian approximation is key to

deriving tractable closed-form updates, as it reduces the complex integrals over

latent variables to evaluations of Gaussian cumulative distribution functions.

4.5.5 Truncated Gaussian Likelihood Evaluation

The quantization likelihood p(yq[k]|r[k]) is an indicator function over quantization

intervals [76]. For Gaussian r[k], the expectation becomes

Er[k]|x[m]=a[p(yq[k]|r[k])] = P
(︂
ℓ(k)
r < R{r[k]} ≤ u(k)

r ,

ℓ
(k)
i < I{r[k]} ≤ u(k)

i

⃓⃓⃓
x[m] = a

)︂
.

(4.122)
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Since real and imaginary parts are independent Gaussians with variance (σ2(−m)
k +

N0)/2, this factorizes as

Er[k]|x[m]=a[p(yq[k]|r[k])]

= Φc

⎛⎝u(k)
r −R{µ(−m)

k +hk,ma}
σ̃k

,
ℓ
(k)
r −R{µ(−m)

k +hk,ma}
σ̃k

⎞⎠
× Φc

⎛⎝u(k)
i − I{µ(−m)

k +hk,ma}
σ̃k

,
ℓ
(k)
i − I{µ(−m)

k +hk,ma}
σ̃k

⎞⎠ ,
(4.123)

where Φc(a,b) = Φ(a)−Φ(b) is the cumulative Gaussian probability over the interval

(b,a] and σ̃k =
√︂

(σ2(−m)
k +N0)/2. Taking logarithms provides the log-likelihood

contribution

Λk,m(a) = logΦc

⎛⎝u(k)
r −R{µ(−m)

k +hk,ma}
σ̃k

,
ℓ
(k)
r −R{µ(−m)

k +hk,ma}
σ̃k

⎞⎠
+ logΦc

⎛⎝u(k)
i − I{µ(−m)

k +hk,ma}
σ̃k

,
ℓ
(k)
i − I{µ(−m)

k +hk,ma}
σ̃k

⎞⎠ .
(4.124)

4.5.6 Symbol Probability Update

Aggregating contributions from all affected observations, the unnormalized proba-

bility for symbol m taking value a is

π̃m,a = exp
⎛⎝ ∑︂

k∈N(m)
Λk,m(a)

⎞⎠ . (4.125)

Normalization yields the updated probability distribution

πnew
m,a = π̃m,a∑︁

a′∈A π̃m,a′
. (4.126)

The first and second moments required for subsequent iterations are

x̄new
m =

∑︂
a∈A

aπnew
m,a , (4.127)
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vnew
m =

∑︂
a∈A
|a|2πnew

m,a −|x̄new
m |2. (4.128)

These moments fully characterize the approximate posterior for each symbol and

are used to compute interference statistics in the next iteration.

Algorithm 4.4 summarizes the VB detector for quantized AFDM. The algorithm

iteratively refines the symbol probabilities by alternating between computing

interference statistics from current beliefs and updating beliefs based on quantized

observations. The convergence criterion ensures that the probability estimates have

stabilized before making final detection decisions.

Algorithm 4.4 VB Detection for Quantized AFDM
1: Input: Effective channel Heff , quantized samples yq, constellation A, maximum

iterations Tmax, tolerance ϵ
2: Initialize: π(0)

m (a) = 1/|A| for all symbols m and a ∈A

3: Compute initial moments x̄(0)
m , v(0)

m

4: for t= 1 to Tmax do
5: for each symbol m= 0, . . . ,N −1 do
6: Compute interference statistics for all k ∈N(m)
7: µ

(−m)
k =∑︁

m′∈M(k)\{m}hk,m′ x̄
(t−1)
m′

8: σ
2(−m)
k =∑︁

m′∈M(k)\{m} |hk,m′|2v(t−1)
m′

9: For each a ∈A, compute Λ(t)
k,m(a) using (4.124)

10: Update unnormalized probability π̃(t)
m (a) = exp

(︃∑︁
k∈N(m) Λ(t)

k,m(a)
)︃

11: Normalize π(t)
m (a) = π̃

(t)
m (a)/∑︁a′∈A π̃

(t)
m (a′)

12: Update posterior moments x̄
(t)
m = ∑︁

a∈Aaπ
(t)
m (a), v

(t)
m =∑︁

a∈A |a|2π
(t)
m (a)−|x̄(t)

m |2
13: end for
14: if maxm,a |π(t)

m (a)−π(t−1)
m (a)|< ϵ then

15: break
16: end if
17: end for
18: Output: Hard decisions x̂m = argmaxaπ

(T )
m (a) or soft estimates x̂m = x̄

(T )
m
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4.5.7 ELBO Monotonicity

Define the ELBO at iteration t as

L(t) =
∑︂
m

∑︂
a
π(t)

m,a

∑︂
k∈N(m)

E
q

(t)
−m

[logp(yq[k]|x[m] = a,x−m)]

−
∑︂
m

∑︂
a
π(t)

m,a logπ(t)
m,a.

(4.129)

Since each update maximizes the ELBO with respect to one factor while holding

others fixed,

L(t+1) ≥ L(t). (4.130)

The sequence {L(t)} is bounded above by logp(yq|Heff), thus convergence is guar-

anteed. This theoretical guarantee ensures that the algorithm will not oscillate

indefinitely and provides confidence in the iterative approach.

4.5.8 Computational Complexity of VB-Quantized AFDM

For each symbol m at iteration t, the algorithm performs three main operations.

Computing interference statistics using (4.117) and (4.118) requires O(Lp) complex

multiplications, where Lp is the channel sparsity level. Evaluating log-likelihood

contributions Λk,m(a) for each a ∈A involves |A| · |N(m)| cumulative distribution

function evaluations, yielding O(|A|Lp) operations. Probability normalization

and moment updates require O(|A|) operations. The per-symbol complexity is

dominated by O(|A|Lp). Aggregating over all N symbols, the complexity per

iteration is

Citer = O(N |A|Lp), (4.131)

and for Tmax iterations, the total complexity is

Ctotal = O(TmaxN |A|Lp), (4.132)

which scales linearly in all system parameters.
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4.6 Simulation Results

4.6.1 VAMP-CG Performance

The proposed VAMP-CG detector is evaluated through Monte Carlo simulations

over doubly dispersive channels with N = 64 subcarriers, subcarrier spacing ∆f = 1

MHz, and carrier frequency fc = 4 GHz. The wireless channel consists of P = 4

propagation paths with maximum delay spread Lmax = 3 samples and a maximum

UE velocity of 800 km/h. Complex path gains follow hi ∼ CN(0,σ2
h/P ) with

σ2
h = 1, path delays are uniformly distributed over {0,1, . . . ,Lmax}, and Doppler

frequencies over [−fmax,fmax]. The DAFT parameters are computed as c1 =

(2αmax + 1)/(2N) where αmax = ⌈Nfmax⌉ and c2 = 1/
√
πN2, with chirp-periodic

prefix length Lcp = Lmax +1. Both VAMP-CG and VAMP-SVD employ Kit = 15

outer iterations with the conjugate gradient solver using KCG = 10 inner iterations,

convergence tolerance ϵtol = 10−7, damping factor ρ= 0.97, and precision clipping

[γmin,γmax] = [10−11,1011].

Fig. 4.1 compares the BER performance of VAMP-CG, VAMP-SVD, and

LMMSE detectors across BPSK, QPSK and 16-QAM modulation. The proposed

VAMP-CG achieves virtually identical performance to VAMP-SVD with degrada-

tion less than 0.2 dB across all modulation orders and SNR values, confirming that

the conjugate gradient approach maintains detection accuracy while eliminating

expensive matrix decomposition. Both VAMP detectors significantly outperform

linear MMSE, providing gains of 2 to 3 dB for QPSK and 4 to 5 dB for 16-QAM

at moderate BER levels due to iterative exploitation of constellation structure.

Fig. 4.2 demonstrates the scalability of VAMP-CG across modulation orders

from QPSK to 256-QAM, showing consistent convergence and robust performance

even for high-order constellations.

Fig. 4.3 examines the relationship between system dimension and detection per-

formance. AFDM requires a minimum number of subcarriers Nmin = 2αmax(lmax +
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Figure 4.1: BER performance comparison of VAMP-CG, VAMP-SVD, and MMSE
detectors

Figure 4.2: BER performance of the proposed VAMP-CG detector across multiple
modulation orders
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Figure 4.3: Impact of system dimension on VAMP-CG detector performance with
varying number of subcarriers and channel parameters

1)+ lmax to preserve chirp orthogonality in the DAFT domain. Configurations with

N <Nmin violate this condition, causing severe performance degradation due to

inter-path interference. The proposed VAMP-CG detector is particularly valuable

for such minimal-dimension systems where the O(N2) complexity advantage over

SVD-based methods becomes critical for resource-constrained implementations.

The results confirm that N = 32 with (lmax,αmax) = (4,4) yields Nmin = 44, ex-

hibiting error floors above BER = 10−3, while N = 65 with (lmax,αmax) = (5,5)

satisfies the orthogonality constraint and achieves BER below 10−6 at 30 dB SNR.

Fig. 4.4 examines the sensitivity of VAMP-CG to fractional Doppler for N = 64

subcarriers with P = 2 paths, maximum normalised delay and Doppler lmax =

αmax = 2, and Kit = 15 outer iterations. The on-grid case, in which each path

Doppler is an exact multiple of the Doppler resolution, is compared with the off-grid

case, in which the shifts are drawn continuously over [−αmax,αmax] so that their

energy leaks across neighbouring DAFT bins. The two cases yield nearly coincident



Simulation Results 97

Figure 4.4: BER of the proposed VAMP-CG detector under integer and fractional
Doppler for AFDM with N = 64 and modulation orders M = 2,4,8,16

BER curves for all modulation orders from M = 2 to M = 16, the gap staying

within a fraction of a decibel even at high SNR. This follows from the detector

operating directly on Heff as realised, so the off-grid coupling is absorbed into the

channel matrix and handled by the same LMMSE and denoising updates, with no

dedicated cancellation or grid-refinement step.

Fig. 4.5 relaxes the perfect-CSI assumption for QPSK AFDM with the same N =

64, P = 2 and lmax = αmax = 2. The detector is supplied with an imperfect estimate

of the effective channel, Ĥeff = Heff + E, where the error term E∼ CN(0, β σ2
h I) is

zero-mean complex Gaussian with variance βσ2
h and β ≥ 0 scales the error power

relative to the channel power σ2
h. This additive Gaussian model is the standard

abstraction for pilot-based least-squares and MMSE channel estimation, whose

residual error is asymptotically Gaussian and whose variance scales inversely with

pilot SNR; β therefore acts as a single, estimator-agnostic knob that spans the

range from perfect CSI (β = 0) to severe mismatch without committing the analysis

to one particular estimator. For β ≤ 10−3 the BER is indistinguishable from perfect

CSI; for β ≥ 10−2 a residual error floor emerges at high SNR, reaching about 10−2 at
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Figure 4.5: BER of the proposed VAMP-CG detector under imperfect CSI for
QPSK AFDM with N = 64, with change in the estimation error variance scaled by β

β = 10−1, since the mismatch term acts as an SNR-independent noise contribution

that eventually dominates. This is the expected effect of channel mismatch and

delineates the estimation accuracy needed to preserve the reported gains. A joint

channel-estimation-and-detection scheme addressing this is noted as future work.

4.6.2 MP-PIC Performance

The simulation setup considers N subcarriers, subcarrier spacing ∆f = 1 MHz, and

a carrier frequency fc = 4 GHz. The wireless channel is modeled with P multipath

components and a maximum delay spread of Lmax = 3 samples, corresponding to

an Extended Vehicular A (EVA) profile. The UE velocity is assumed to be 800

km/h. Each channel tap is generated as hi ∼ CN(0,σ2
h/P ). For AFDM, the system

parameters are c1 = (2αmax +1)/(2N) and c2 = 1/
√
πN2.

Fig. 4.6 and Fig. 4.7 compare the BER performance of the MP-PIC detector

against baseline schemes including MMSE, standard message passing (MP) [49], and

variational Bayesian (VB) detectors [74] for N = 20 subcarriers with P = 5 and P =

10 paths. The results demonstrate that MP-PIC achieves significant performance
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Figure 4.6: BER performance of the MP-PIC detector with N = 20 and P = 5
paths

Figure 4.7: BER performance of the MP-PIC detector with N = 20 and P = 10
paths
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gains over MMSE across all SNR values, with improvements of approximately 4 to

5 dB at BER = 10−4. The MP-PIC detector consistently outperforms both MP and

VB approaches, validating the effectiveness of exploiting path diversity through

parallel interference cancellation combined with reliability-weighted combining.

Figure 4.8: BER performance comparison of the MP-PIC detector at N = 20 across
different path counts P = 4,8,10,12

Fig. 4.8 and Fig. 4.9 illustrate the impact of path diversity on detection

performance by comparing MMSE and MP-PIC for varying numbers of paths

(P = 4,8,10,12) at N = 20 and N = 40 subcarriers. The performance gap between

MMSE and MP-PIC widens substantially as the number of paths increases, with

gains reaching 6 to 8 dB for P = 12 at BER = 10−5. This trend confirms that

the proposed detector effectively harnesses path diversity, since more resolvable

paths provide additional independent observations that improve symbol estimation

accuracy. Increasing the frame size from N = 20 to N = 40 enhances performance

for both detectors due to improved DAFT resolution, though MP-PIC maintains

consistent superiority across all configurations.
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Figure 4.9: BER performance comparison of the MP-PIC detector at N = 40 across
different path counts P = 4,8,10,12

4.6.3 VB Detector for Quantized AFDM Performance

Simulation parameters for the VB detector include N ∈ {8,12}, ∆f = 1 MHz, fc = 4

GHz, P = 4 paths, Lmax = 3 samples, maximum UE velocity of 800 km/h, and

Extended Vehicular A power delay profile with hi ∼ CN(0,σ2
h/P ). Quantization

resolution bq ∈ {3,4,5,6,7,8} bits is considered for uniform scalar quantization.

AFDM parameters are c1 = (2αmax + 1)/(2N) and c2 = 1/
√
πN2, and algorithm

parameters are Tmax = 30 and ϵ= 10−10.

Fig. 4.10 and Fig. 4.11 present the VB detector NMSE forN = 8 subcarriers using

BPSK and QPSK modulation respectively. The NMSE decreases monotonically

with SNR across bq ∈ {3,4,5,6,7,8} bits and achieves below −10 dB even at bq = 3

bits, validating the truncated Gaussian modeling. Performance convergence beyond

bq = 6 bits indicates the optimal resolution where quantization becomes negligible.

Fig. 4.12 demonstrates exponential BER improvement, with bq = 8 bit BPSK

reaching 10−5 at 18 dB SNR. Four-bit quantization achieves a practical BER below

10−3 at 12 dB, enabling energy-efficient operation with moderate degradation.
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Figure 4.10: NMSE performance of the VB detector for quantized AFDM using
BPSK

Figure 4.11: NMSE performance of the VB detector for quantized AFDM using
QPSK



Simulation Results 103

Figure 4.12: BER performance of the VB detector for quantized AFDM using
BPSK and QPSK modulation

QPSK exhibits the expected 3 dB penalty versus BPSK.

Fig. 4.13, Fig. 4.14, and Fig. 4.15 demonstrate the superiority of the proposed

VB detector over baseline methods, simulated with N = 12. The VB approach

consistently delivers the best NMSE and BER performance across all SNRs and

quantization levels, with the advantages becoming significant at low bit resolutions

where quantization effects dominate. Bussgang MMSE (B-MMSE) [36,75] saturates

at high SNR due to unmodelled quantization distortion, while modified message

passing (B-MP) methods [78] offer only partial improvements. In contrast, VB

accurately captures the truncated Gaussian statistics and achieves the lowest NMSE.

The BER comparison confirms large gains, with VB approaching the unquantized

bound at higher resolutions and delivering an order-of-magnitude improvement at

very low resolutions.
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Figure 4.13: NMSE performance comparison of various detectors for quantized
AFDM using BPSK

Figure 4.14: NMSE performance comparison of various detectors for quantized
AFDM using QPSK
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Figure 4.15: BER performance comparison of various detectors for quantized
AFDM using BPSK

4.7 Complexity Comparison

Table 4.1 compares the computational complexity of the three proposed detectors

in chapter 4 with the direct LMMSE and standard VAMP-SVD baselines. Direct

LMMSE and VAMP-SVD both incur a cubic O(N3) cost, from matrix inversion

and singular value decomposition respectively. The proposed VAMP-CG removes

this cubic term by replacing the SVD with KCG conjugate gradient iterations,

each of O(N2), reducing the per-iteration cost to quadratic in N at negligible loss

in BER. MP-PIC retains a one-time O(N3) initialization but its iterative stage

scales only as O(N |A|Lp) by exploiting the path-separation structure, and the

quantized-ADC VB detector is fully quadratic-free of any cubic term, scaling as

O(TmaxN |A|Lp) across its iterations. The proposed detectors therefore span a

range of complexity–performance operating points while all avoiding the cubic

scaling of the conventional baselines except for the single initialization step of

MP-PIC.
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Table 4.1: Computational complexity comparison of AFDM detectors with N
subcarriers, |A| constellation size, Lp effective channel taps per symbol, Kit outer
VAMP iterations, KCG inner CG iterations, tmax MP-PIC iterations, and Tmax VB
iterations.

Detector Complexity
Direct LMMSE O(N3)
VAMP-SVD O(N3 +Kit|A|N)
VAMP-CG O(KitKCGN

2 +Kit|A|N)
MP-PIC O(N3 + tmaxN |A|Lp)
VB-Quantized AFDM O(TmaxN |A|Lp)

4.8 Summary

This chapter established the canonical AFDM system model used throughout the

remainder of the thesis and developed three detectors that target different operating

regimes of AFDM. The system model formalized the DAFT, the chirp-periodic

prefix, the doubly dispersive channel, the DAFT-domain effective channel matrix

Heff , and the chirp-parameter selection rule that separates the P propagation paths

in the transformed domain. A low-complexity VAMP detector was developed that

replaces the singular value decomposition of standard VAMP with a preconditioned

conjugate gradient solver and a simultaneous trace estimator for the Onsager

correction, reducing the per-iteration cost from O(N3) to O(KCGN
2) without

measurable loss in BER. A Multi-Path Parallel Interference Cancellation detector

was developed that exploits the complete path separation property of AFDM,

performs independent Bayesian inference on each of the Lp resolvable paths, and

combines the path-wise estimates through reliability-weighted decision statistics

combining, achieving 4 to 8 dB BER gains over MMSE while remaining provably

convergent through a Gauss-Seidel equivalence. A Variational Bayesian detector for

quantized AFDM was developed that incorporates the truncated Gaussian likelihood

induced by uniform scalar quantization into a mean-field factorized posterior over

the discrete constellation, achieving near-unquantized BER at moderate ADC

resolutions and large NMSE and BER gains over Bussgang-based linear receivers
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and message-passing baselines at 3 to 4 bits where nonlinear quantization effects

dominate. The DAFT-domain channel model, the chirp-parameter selection rule,

and the detector families introduced in this chapter recur in modified form in the

index modulation contributions of following Chapters.



Chapter 5

AFDM with Index Modulation

Schemes and Sparse Bayesian

Detection

This chapter develops three index modulation schemes built on the AFDM waveform

and a sparse Bayesian detector tailored to the structured sparsity of AFDM with

index modulation. The AFDM system model, the chirp-parameter selection rule,

and the DAFT-domain effective channel matrix Heff that this chapter relies on are

those established in Section 4.1, and are not repeated here. We first review the

AFDM with Index Modulation (AFDM-IM) baseline that is the common building

block of all three schemes. We then propose AFDM with Generalized Index

Modulation (AFDM-GIM), which relaxes the fixed active-subcarrier constraint

of AFDM-IM by allowing the number of active subcarriers per subblock to vary

across a permitted set, and develop energy detection (ED) and log-likelihood

ratio (LLR) based detectors. We then propose AFDM with Quadrature Index

Modulation (AFDM-QIM), which extends subcarrier index modulation in AFDM

to operate independently on the in-phase and quadrature components, and develop

both MMSE-ML and ML detectors together with a pairwise error probability

(PEP) based analysis of the average bit error rate. We then propose a Variational
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Bayesian Sparse Bayesian Learning (VB-SBL) detector for AFDM-IM that exploits

the structured sparsity of the AFDM-IM transmit vector through a hierarchical

Gaussian-Gamma prior. Spectral efficiency and computational complexity are

derived alongside each contribution, and simulation results are presented together

at the end of the chapter.

5.1 AFDM-IM Baseline

In AFDM with index modulation [27,28], the N subcarriers of an AFDM frame

are partitioned into G subblocks of length L = N/G. The incoming bit stream

is split into G groups, each of p bits, with one group assigned to each subblock.

Within each subblock, the p bits are split into two parts. The first part of p1 bits

selects which K of the L subcarriers in the subblock are active, and the second

part of p2 bits modulates the active subcarriers with symbols drawn from an M -ary

constellation A. The subcarriers that are not selected remain inactive and are set

to zero.

The set of active subcarrier indices for the gth subblock is denoted

J(g) = {jg,1, jg,2, . . . , jg,K}, jg,k ∈ {1,2, . . . ,L}. (5.1)

The total bit load per subblock is

p= p1 +p2 =
⌊︄
log2

(︄
L

K

)︄⌋︄
+K log2M. (5.2)

The modulated symbol vector for the gth subblock is

mg = [mg,1,mg,2, . . . ,mg,K ]T , (5.3)

where each mg,k ∈ A. The subblock transmit vector xg ∈ CL×1 is sparse and
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contains the modulated symbols only at positions indexed by J(g)

xg[n] =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
mg,k, n= jg,k for some k ∈ {1, . . . ,K},

0, otherwise,
(5.4)

for n= 1,2, . . . ,L. Equivalently,

xg =
K∑︂

k=1
mg,k ejg,k

, (5.5)

where ejg,k
is the standard unit vector of length L with a one at position jg,k and

zeros elsewhere. Once all G subblocks are constructed, they are concatenated to

form the full DAFT-domain AFDM-IM transmit vector

x = [xT
1 ,xT

2 , . . . ,xT
G]T ∈ CN×1. (5.6)

This vector is then processed by the AFDM modulator of Section 4.1.2 and

transmitted across the doubly dispersive channel. At the receiver, after CPP

removal and DAFT demodulation, the received signal follows the DAFT-domain

input-output relation (4.16), with effective channel matrix Heff given by (4.14).

The AFDM-IM scheme thus inherits the doubly dispersive channel resilience of

AFDM [17] while injecting an additional information dimension through subcarrier

indexing.

5.2 AFDM with Generalized Index Modulation

5.2.1 Generalization of AFDM-IM

In the AFDM-IM scheme of Section 5.1, the number of active subcarriers per

subblock is fixed at K. Fixing the number of active subcarriers per subblock is

not necessary, and relaxing this restriction enlarges the set of admissible subblock
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realizations and raises the spectral efficiency at matched parameters [51].
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Figure 5.1: Block diagram of the AFDM-GIM system

To enhance flexibility, the AFDM scheme with generalized index modulation

(AFDM-GIM) is introduced, allowing varying numbers of active subcarriers per

subblock as illustrated in Fig. 5.1. Let L be the total number of subcarriers in

an AFDM subblock, and let T denote the number of permitted values for active

subcarriers. For instance, if an AFDM subblock allows either one or three active

subcarriers, then T = 2. The set of permitted values for the number of active

subcarriers is

K = {K1,K2, . . . ,KT}. (5.7)

For a given Kϕ ∈K with ϕ= 1, . . . ,T , the indices of the Kϕ active subcarriers in

the gth subblock are

J(g,ϕ) = {jϕ
g (1), jϕ

g (2), . . . , jϕ
g (Kϕ)}, (5.8)
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where jϕ
g (η) ∈ {1, . . . ,L} for g = 1, . . . ,G and η = 1, . . . ,Kϕ, with jϕ

g (η1) ̸= jϕ
g (η2) for

η1 ̸= η2. The corresponding signal constellation symbols assigned to these active

subcarriers are

sϕ
g = [sϕ

g (1), . . . , sϕ
g (Kϕ)]. (5.9)

The original AFDM-IM scheme of Section 5.1 is the special case in which Kϕ is

fixed for all subblocks, making AFDM-IM a particular instance of the proposed

AFDM-GIM scheme.

For a given Kϕ ∈K, the number of bits transmitted per AFDM-GIM subblock

is

mg(ϕ) =
⌊︄
log2

(︄
MKϕ

(︄
L

Kϕ

)︄)︄⌋︄
. (5.10)

Summing over all permitted values of Kϕ, the total number of bits transmitted per

subblock is ∑︂
Kϕ∈K

mg(ϕ) =

⎢⎢⎢⎢⎣log2

⎛⎜⎝ ∑︂
Kϕ∈K

MKϕ

(︄
L

Kϕ

)︄⎞⎟⎠
⎥⎥⎥⎥⎦ . (5.11)

For the extreme case K = {0,1, . . . ,L},

L+1∑︂
ϕ=1

mg(ϕ) =
⎢⎢⎢⎣log2

⎛⎝L+1∑︂
ϕ=1

MKϕ

(︄
L

Kϕ

)︄⎞⎠⎥⎥⎥⎦= log2((M +1)L). (5.12)

Since log2((M+1)L) significantly exceeds mg(ϕ) for a fixed Kϕ, permitting multiple

Kϕ values allows more flexible active subcarrier selection. The AFDM-GIM scheme

therefore achieves higher spectral efficiency than conventional AFDM-IM.

5.2.2 Example Implementation

An example implementation of the generalized index modulation scheme is demon-

strated for parameters L= 4, K = {1,2,3}, and M = 4 (QPSK modulation). Each

AFDM subblock consists of four subcarriers, with a varying number of active sub-

carriers permitted. The set K specifies the allowable numbers of active subcarriers

per subblock, with indices selected from {1,2,3}.
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The decimal representations of the incoming bit sequences Dp are segmented

into three ranges corresponding to each value of Kϕ:

• Dp ∈ [0,15], corresponding to Kϕ = 1 active subcarrier,

• Dp ∈ [16,111], corresponding to Kϕ = 2 active subcarriers,

• Dp ∈ [112,319], corresponding to Kϕ = 3 active subcarriers.

Offsets are applied to each subcarrier combination so that each range begins at

zero. The offset values applied are

Offsets = {0,1,1} for Kϕ = {1,2,3}, (5.13)

respectively. These offsets are essential for aligning each Dp within the correct

integer range required by the combinational selection method. Once the appropriate

range of Dp is determined, the number of bits allocated to constellation mapping

(p2 bits) varies according to the generalized rule

p2 =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

K1 log2M, Dp ∈ [0,MK1
(︂

L
K1

)︂
−1],

K2 log2M, Dp ∈ [MK1
(︂

L
K1

)︂
,MK2

(︂
L

K2

)︂
−1],

K3 log2M, Dp ∈ [MK2
(︂

L
K2

)︂
,MK3

(︂
L

K3

)︂
−1].

(5.14)

For the considered parameters,

p2 =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

2, Dp ∈ [0,15],

4, Dp ∈ [16,111],

6, Dp ∈ [112,319].

(5.15)

The remaining bits p1 = p− p2 are passed to the index selector that determines

the active subcarrier indices. The least significant p2 bits are then mapped onto

QPSK symbols and transmitted via the selected active subcarriers. Through this

generalized approach, AFDM-GIM achieves higher flexibility and spectral efficiency
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compared to AFDM-IM by dynamically adjusting the number of active subcarriers

and the corresponding bit allocations within each AFDM subblock.

5.2.3 AFDM-GIM Receiver and Equalization

The DAFT-domain AFDM-GIM transmit vector x ∈CN×1 is constructed from the

G subblocks and passes through the AFDM modulator and the doubly dispersive

channel. At the receiver, the DAFT-domain input-output relation

y = Heff x + w̃, (5.16)

holds with Heff given by (4.14). The AFDM scheme distributes symbols across N

subcarriers in the DAFT domain, leading to interference between the G AFDM-GIM

subblocks. To mitigate this, MMSE equalization is applied

x̂ =
(︂
HH

effHeff +σ2IN

)︂−1
HH

eff y, (5.17)

where IN is the N ×N identity matrix. The equalized signal is then partitioned

into G subblocks of length L and passed to the detector. Bit estimation is then

performed using one of two detection strategies, energy detection or log-likelihood

ratio detection, both of which assume a varying number of active subcarriers within

subblocks.

5.2.4 Energy Detection Based Detector

The energy detection based approach [20] identifies the active subcarriers by

measuring the energy of each equalized received symbol. For each permitted

number of active subcarriers Kϕ ∈K, the detector selects the Kϕ indices with the

highest energy. Let Y = [Y1,Y2, . . . ,YL]T be the received equalized AFDM-GIM

subblock. The detection procedure follows these steps.

1. Compute energies Ei = |Yi|2, i= 1, . . . ,L.
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2. Select the top Kϕ indices IKϕ
corresponding to the highest energies.

3. For the selected active subcarriers, detect the transmitted symbols via mini-

mum Euclidean distance decoding

ŝi = argmin
s∈A
|Yi− s|2, i ∈ IKϕ

, (5.18)

where A denotes the constellation symbols.

4. Reconstruct the candidate subblock and compute the Euclidean distance

metric

Metric = ∥Y− X̂Kϕ
∥2, (5.19)

where X̂i = ŝi for i ∈ IKϕ
and zero otherwise.

5. Repeat steps 1 to 4 for all values of Kϕ ∈K.

The number of active subcarriers Kϕ yielding the minimum distance metric is

selected as the final estimate. Detected symbols are then directly mapped to their

corresponding bits.

5.2.5 LLR Based Detector

The LLR based detector incorporates probabilistic computations to determine the

active subcarriers. For each candidate Kϕ ∈K, LLR values for each subcarrier are

computed as

ζ
(Kϕ)
i =ln

⎛⎜⎜⎝
∑︁

s∈A exp
(︃
− |Yi−s|2

σ2

)︃
∑︁

s∈{0} exp
(︂
− |Yi−s|2

σ2

)︂
⎞⎟⎟⎠

+ln
(︄

Kϕ

L−Kϕ

)︄
, i= 1, . . . ,L,

(5.20)

where σ2 is the noise variance. The indices of the active subcarriers IKϕ
are chosen

based on the highest LLR values. Symbols at these indices are detected through

minimum Euclidean distance decoding. The candidate subblocks are evaluated
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using (5.19) for all Kϕ ∈K, and the configuration yielding the minimum metric

is selected. The final detected bits are estimated from the indices of the optimal

subcarrier set and the detected symbols, resulting in higher accuracy through the

probabilistic weighting inherent in the LLR approach.

5.2.6 Spectral Efficiency of AFDM-GIM

The spectral efficiency of AFDM-GIM is the number of bits transmitted per

subcarrier. For the AFDM-IM baseline of Section 5.1, with K active subcarriers in

a subblock of length L and modulation order M ,

SEAFDM-IM =
⌊log2

(︂
L
K

)︂
⌋+K log2M

L
. (5.21)

AFDM-GIM with permitted set K = {K1,K2, . . . ,KT} raises the number of admis-

sible subblock realizations and the bits per subblock to

SEAFDM-GIM =

⌊︃
log2

(︃∑︁
Kϕ∈KM

Kϕ

(︂
L

Kϕ

)︂)︃⌋︃
L

. (5.22)

The spectral efficiency of conventional AFDM is SEAFDM = log2M . As an illustra-

tion, with L= 4, QPSK modulation, K = 2 for AFDM-IM, and K = {1,2,3} for

AFDM-GIM, we obtain SEAFDM-IM = 1.5 and SEAFDM-GIM = 2 bits per subcar-

rier, while conventional AFDM at the same QPSK alphabet attains SEAFDM = 2.

AFDM-GIM matches conventional AFDM in spectral efficiency at L= 4 and grows

beyond it for larger permitted sets and longer subblocks.

5.2.7 Computational Complexity of AFDM-GIM

The AFDM-GIM receiver consists of two stages, MMSE equalization followed by

demodulation. The equalization stage involves the inversion of an N ×N matrix

at a complexity of O(N3). The energy detection based demodulator scans the T
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permitted active-count values across G subblocks of length L and selects the Kϕ

subcarriers with the largest received energy, at a cost of O(GLT (M + 1)). The

LLR based demodulator replaces the energy comparison with a log-likelihood ratio

evaluated against the M constellation points, at a cost of O(GLTM). The total

complexity of AFDM-GIM is therefore O(N3 +GLT (M +1)) with the ED detector

and O(N3 +GLTM) with the LLR detector. Both detectors are substantially

less expensive than joint ML detection across the G subblocks, which would grow

exponentially with L and M .

5.3 AFDM with Quadrature Index Modulation

5.3.1 AFDM-QIM Transmitter

The block diagram of the AFDM-QIM transmitter is shown in Fig. 5.2. Incoming

data bits are processed for transmission over N subcarriers. Each AFDM block

of N subcarriers carries b = 2pG bits, partitioned into 2G groups of p bits each.

Each group of p bits is used to generate the in-phase and quadrature components

of an AFDM-QIM subblock, which consists of L=N/G subcarriers. In contrast

to conventional OFDM, where data is mapped onto all subcarriers, AFDM-QIM

divides each p bit group into two parts [52]. The first part, with p1 = ⌊log2
(︂

L
K

)︂
⌋

bits, is used for index modulation, selecting which subcarriers will be active. These

bits are sent to the index selector, which activates K subcarriers out of L for both

the in-phase and quadrature components using a look-up table, while the remaining

subcarriers remain inactive. The second part of p2 = K log2M bits is used for

symbol modulation, where data symbols are assigned to the active subcarriers.

A distinctive feature of this system is that the selection of the active subcarriers

for the in-phase and quadrature components is performed independently. For

each AFDM-QIM subblock g, the indices of the K active subcarriers are selected

separately for the I and Q components, enabling disjoint modulation. This boosts
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Figure 5.2: Block diagram of the AFDM-QIM system

spectral efficiency by using two activation patterns to transmit additional bits while

simultaneously modulating symbols on the active subcarriers, offering higher data

rates compared to AFDM-IM. In the gth AFDM-QIM subblock (1≤ g ≤G), the

in-phase and quadrature components are assigned to K active subcarriers, with

their indices chosen independently in each dimension

J(g,I) = {jI
g,1, . . . , j

I
g,K}, J(g,Q) = {jQ

g,1, . . . , j
Q
g,K}, (5.23)

where jI
g,k, j

Q
g,k ∈ {1, . . . ,L}. The remaining p2 =K log2M bits are encoded using

an M -ary pulse amplitude modulation scheme, represented by the alphabets AI

and AQ, to generate the transmitted symbols for the I and Q dimensions on the K

active subcarriers in the gth AFDM-QIM subblock

xI
g,η =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
sI

g,η, η ∈ J(g,I),

0, otherwise,
xQ

g,η =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
sQ

g,η, η ∈ J(g,Q),

0, otherwise,
(5.24)
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where sI
g,η ∈ AI and sQ

g,η ∈ AQ. Each AFDM-QIM subblock is constructed by

merging the I and Q components from (5.24)

xg,η = xI
g,η + j xQ

g,η, g = 1, . . . ,G,η = 1, . . . ,L. (5.25)

After collecting all the AFDM-QIM subblocks, the AFDM block generator creates

a DAFT-domain transmit vector x ∈ CN×1

x = [x1,x2, . . . ,xG]T . (5.26)

The DAFT-domain vector x is then processed by the AFDM modulator of Section

4.1.2.

5.3.2 AFDM-QIM Receiver Model

After transmission across the doubly dispersive channel and CPP removal, the

DAFT-domain received vector follows the input-output relation

y = Heff x + w̃, (5.27)

with Heff given by (4.14) and w̃ ∼ CN(0,σ2IN ). Two detection strategies are

developed for AFDM-QIM, an MMSE-ML detector and a full ML detector.

5.3.3 MMSE-ML Detector

The AFDM scheme distributes symbols across N subcarriers in the DAFT domain,

leading to interference between the G AFDM-QIM subblocks. To address this,

MMSE equalization is first applied

x̂MMSE =
(︂
HH

effHeff +σ2IN

)︂−1
HH

eff y. (5.28)
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The equalized signal is divided into G subgroups, with each subgroup further

separated into real and imaginary components, forming the I and Q parts. After

these divisions, a total of 2G subgroups are obtained. The in-phase and quadrature

subgroups are independently subjected to ML detection

(x̂I
g, Ĵ

(g,I)) = arg min
xI

g,J(g,I)

⃦⃦⃦
x̂I

MMSE−xI
⃦⃦⃦2
,

(x̂Q
g , Ĵ

(g,Q)) = arg min
xQ

g ,J(g,Q)

⃦⃦⃦
x̂Q

MMSE−xQ
⃦⃦⃦2
,

(5.29)

where xI and xQ represent all possible combinations of the in-phase and quadrature

subgroups in the AFDM-QIM scheme.

5.3.4 ML Detector

The maximum likelihood detector is the optimal detector for the AFDM-QIM

system

(x̂I
g, Ĵ

(g,I), x̂Q
g , Ĵ

(g,Q)) = argmin
x∈X
∥y−Heff x∥2F , (5.30)

where X is the set of all possible representations of x. The computational complexity

of the ML detector grows significantly with the size of X. After estimating the

indices and modulated symbols of the in-phase and quadrature subblocks using

the MMSE-ML or ML detector, the original bit stream b̂ is recovered using an

index pattern mapping table together with the two constellation alphabets of the

in-phase and quadrature components.

5.3.5 Spectral Efficiency of AFDM-QIM

The spectral efficiency of AFDM-QIM is the number of bits transmitted per

subcarrier. For the AFDM-IM baseline of Section 5.1, with K active subcarriers in

a subblock of length L and modulation order M , SE is formulated as SEAFDM-IM =
⌊log2 (L

K)⌋+K log2 M

L .

AFDM-QIM activates subcarriers independently on the in-phase and quadrature
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components of the chirp subcarriers, doubling the index-modulation contribution

to spectral efficiency

SEAFDM-QIM =
2
(︂
⌊log2

(︂
L
K

)︂
⌋+K log2M

)︂
L

. (5.31)

The spectral efficiency of conventional AFDM is SEAFDM = log2M . As an illustra-

tion, with L= 4, K = 2, and QPSK modulation, SEAFDM-IM = 1.5, SEAFDM-QIM = 3,

and SEAFDM = 2 bits per subcarrier. AFDM-QIM doubles the spectral efficiency

of AFDM-IM at the same subblock length and active-subcarrier count, and exceeds

conventional AFDM by exploiting the index-modulation gain on both signal-space

components.

5.3.6 Computational Complexity of AFDM-QIM

The AFDM-QIM receiver consists of two stages, MMSE equalization followed by

joint detection of the in-phase and quadrature index patterns and constellation

symbols. The equalization stage costs O(N3). The MMSE-ML detector performs

an independent ML search per subblock and per signal-space component, evaluating(︂
L
K

)︂
MK candidate vectors for each of the G subblocks on both components, at a

cost of O(2G
(︂

L
K

)︂
MK). The total complexity of the MMSE-ML detector is therefore

O(N3 + 2G
(︂

L
K

)︂
MK). The joint ML detector searches the full Cartesian product of

index patterns and symbol vectors across all G subblocks and both I/Q components,

with complexity O
(︂(︂

L
K

)︂2G
M2KG

)︂
. The exponential scaling of joint ML with G

makes it impractical for any realistic frame size, which motivates the per-subblock

MMSE-ML decomposition.
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5.4 Pairwise Error Probability Analysis for AFDM-

QIM

5.4.1 Conditional Pairwise Error Probability

The received signal y in (5.27) can be restated as [17,39]

y =
P∑︂

i=1
hi Hi x + w̃ = Φ(x)Ψ+ w̃, (5.32)

where Ψ = [h1,h2, . . . ,hP ]T ∈ CP ×1, Hi = AΓCPP,i ∆νi Πli AH ∈ CN×N is defined

as in (4.14), and

Φ(x) = [H1x | · · · |HP x] ∈ CN×P . (5.33)

The conditional pairwise error probability for the AFDM-QIM scheme can be

computed as
P (x→ x̂ |Ψ)

= P
(︂
∥y−Φ(x̂)Ψ∥2 < ∥y−Φ(x)Ψ∥2

)︂
=Q

⎛⎝√︄ δ

2Pσ2

⎞⎠ ,
(5.34)

where the Gaussian Q-function is defined as

Q(x) = 1
π

∫︂ π/2

0
exp

(︄
− x2

2sin2 ρ

)︄
dρ, (5.35)

and the conditional squared distance δ is

δ = ∥(Φ(x̂)−Φ(x))Ψ∥2 = ΨHKΨ, (5.36)

with

K = (Φ(x̂)−Φ(x))H(Φ(x̂)−Φ(x)). (5.37)
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5.4.2 Unconditional Pairwise Error Probability

The unconditional pairwise error probability is obtained by averaging the conditional

pairwise error probability over the distribution of Ψ

P (x→ x̂) =
∫︂ +∞

0
P (x→ x̂ |Ψ)pδ(δ)dδ

= 1
π

∫︂ π/2

0

∫︂ +∞

0
exp

(︄
− δ

4Pσ2 sin2 ρ

)︄
pδ(δ)dδ dρ

= 1
π

∫︂ π/2

0
Fδ

(︄
− 1

4Pσ2 sin2 ρ

)︄
dρ,

(5.38)

where Fδ(·) is the moment generating function of δ

Fδ(t) = |I− tK|−1 =
q∏︂

i=1
(1− tλi)−1, (5.39)

with q the number of distinct nonzero eigenvalues λi of K. Substituting (5.39) into

(5.38),

P (x→ x̂) = 1
π

∫︂ π/2

0

q∏︂
i=1

⎛⎝ 1
1+ λi

4P σ2 sin2 ρ

⎞⎠dρ. (5.40)

5.4.3 Chernoff Bound and Average Bit Error Rate

Applying the Chernoff bound inequality, the upper bound of the pairwise error

probability is

P (x→ x̂)≤
q∏︂

i=1

(︄
1+ λi

4Pσ2

)︄−1
. (5.41)

The theoretical upper bound on the average bit error rate (ABER) of the proposed

AFDM-QIM scheme is

PABER ≤
1
p2p

∑︂
x

∑︂
x̂
P (x→ x̂)dH(x, x̂), (5.42)

where dH(x, x̂) is the Hamming distance between the respective bit sequences and

p= 2(p1 +p2) is the total number of bits per AFDM-QIM subblock.
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5.5 Variational Bayesian Sparse Bayesian Learn-

ing Detector for AFDM-IM

The AFDM-IM transmit vector x ∈ CN×1 constructed in (5.6) is sparse, since at

most KG of its N entries are nonzero. This structured sparsity can be exploited

at the detector through a sparse signal recovery formulation based on Variational

Bayesian Inference [32, 33], leading to a detector that significantly outperforms

conventional MMSE-based detection of AFDM-IM under severe Doppler conditions.

5.5.1 Sparse Signal Recovery Formulation

The AFDM-IM detection problem can be cast as the linear inverse problem

y = Heff x + w̃, (5.43)

where x ∈ CN×1 and y ∈ CN×1 are the transmitted and received signals in the

DAFT domain, Heff ∈ CN×N is the effective DAFT-domain channel matrix from

(4.14), and w̃ is white Gaussian noise with zero mean and variance σ2.

5.5.2 Hierarchical Gaussian-Gamma Prior

To promote sparsity in x, a two-layer hierarchical prior is imposed. The vector

x is assumed to follow a zero-mean Gaussian distribution parameterized by the

inverse-variance parameters α = [α1, . . . ,αN ]

p(x |α) =
N∏︂

i=1
N(xi |0,α−1

i ). (5.44)

Each αi is independently drawn from a Gamma distribution with hyperparameters

a and b

p(α) =
N∏︂

i=1

ba

Γ(a) α
a−1
i exp(−bαi). (5.45)
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Assuming known noise variance σ2 and perfect channel state information at the

receiver, the likelihood is

p(y |x) = 1
(2πσ2)N/2 exp

(︃
− 1

2σ2∥y−Heffx∥2
)︃
. (5.46)

5.5.3 Mean-Field Variational Approximation

Direct computation of the posterior p(x,α |y) is intractable. A variational approxi-

mation is used

q(x,α) =
N∏︂

i=1
qxi(xi)

N∏︂
i=1

qαi(αi). (5.47)

The variational factors are optimized by minimizing the Kullback-Leibler divergence

KLVB = KL(p(x,α |y)∥q(x,α)) . (5.48)

Minimizing this KL divergence is equivalent to maximizing the evidence lower

bound (ELBO). With θ = {x,α}, the KL can be written as

KLVB =−
∫︂
q(θ) ln p(θ |y)

q(θ) dθ

=−
∫︂
q(θ) ln p(y,θ)

p(y)q(θ) dθ,
(5.49)

which yields

KLVB = lnp(y)−
∫︂
q(θ) ln p(y,θ)

q(θ) dθ, (5.50)

and simplifies to

lnp(y) = KLVB +L(q). (5.51)

Since KLVB ≥ 0, the ELBO L(q) is a lower bound on lnp(y). As lnp(y) is constant

with respect to q(θ), minimizing KLVB is equivalent to maximizing L(q). The

maximization of the ELBO leads to the following update for each variational factor

lnqi(θi) = ⟨lnp(y,θ)⟩k ̸=i + ci, (5.52)
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where θi is an individual component of θ and ⟨·⟩k ̸=i denotes the expectation with

respect to all qk for k ̸= i.

5.5.4 Iterative VB Updates

The joint distribution factorizes as

p(y,θ) = p(y |x)p(x |α)p(α). (5.53)

Expanding lnp(y,θ) gives

lnp(y,θ) = N

2 lnγw−
γw

2 ∥y−Heffx∥2

+
N∑︂

i=1

(︃1
2 lnαi−

αi

2 x
2
i

)︃

+
N∑︂

i=1
((a−1) lnαi +a lnb− bαi)

+constants,

(5.54)

where γw = 1/σ2 is the noise precision. Using (5.52) and (5.54), the update for the

ith component of x is

lnqxi(xi) =− γw

2

{︃
⟨∥y−Hīxī∥

2⟩− (y−Hī⟨xī⟩)
HHixi

−xiHH
i (y−Hī⟨xī⟩)+∥Hi∥2x2

i

}︃
− ⟨αi⟩

2 x2
i + cxi

=− 1
2σ2

i

(xi−µi)2 + c′xi
,

(5.55)

where the product Heffx is decomposed as Heffx = Hixi +Hīxī, with Hi the ith

column of Heff and Hī the matrix formed by removing the ith column from Heff .

The expression is quadratic in xi, so qxi(xi) is Gaussian with mean and variance

σ2
i = 1

γw ∥Hi∥2 + ⟨αi⟩
, ⟨xi⟩= µi = σ2

i HH
i (y−Hī⟨xī⟩)γw. (5.56)
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The update for lnqαi(αi) is

lnqαi(αi) =
(︃
a−1+ 1

2

)︃
lnαi−αi

(︄
⟨x2

i ⟩
2 + b

)︄
+ cαi ,

qαi(αi)∝ αa+1/2−1
i exp

(︄
−αi

(︄
⟨x2

i ⟩
2 + b

)︄)︄
,

(5.57)

which is the log of a Gamma distribution with mean

⟨αi⟩=
a+ 1

2
⟨x2

i ⟩
2 + b

, ⟨x2
i ⟩= µ2

i +σ2
i . (5.58)

By iteratively updating the parameters of the Gaussian and Gamma distributions,

the variational Bayesian framework provides an efficient solution for sparse signal

estimation in AFDM-IM detection. Each element of the estimated signal x̂ is

deduced as the point estimate using (5.56) and (5.58).

5.5.5 Energy Detection Based Demodulation

Following the estimation of x̂, an energy detection based demodulation technique

is used to recover the transmitted bits. The ED method determines the active

subcarriers by evaluating the power of each estimated received symbol and identifies

the K positions with the highest energy. Let the estimated AFDM-IM subblock be

Y = [Y1,Y2, . . . ,YL]T . The detection algorithm proceeds as follows.

1. Compute energies Ei = |Yi|2, i= 1, . . . ,L.

2. Identify the indices JK corresponding to the K largest energy values.

3. For each identified active subcarrier, estimate the transmitted symbol using

minimum Euclidean distance decoding

m̂i = arg min
m∈A
|Yi−m|2, i ∈ JK , (5.59)

where A is the modulation constellation.
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4. Form a reconstructed subblock X̂K by assigning X̂i = m̂i for i ∈ JK and zeros

elsewhere, and compute the metric

Metric = ∥Y− X̂K∥2. (5.60)

The detected symbols are then demapped to recover the transmitted bit sequence.

5.5.6 Computational Complexity of VB-SBL Detector

The VB-SBL detector replaces the MMSE-based equalization of the AFDM-IM

baseline with iterative variational updates that avoid matrix inversion [48]. Each

iteration evaluates the variance and mean updates derived in Section ?? at a cost

dominated by the matrix-vector products with Heff , which scales as O(N2) per

iteration. With I iterations required for convergence, the equalization stage has

complexity O(I N2). The energy detection based demodulator scans G subblocks

of length L and identifies the K subcarriers with the largest posterior energy at

a cost of O(MKG+GL). The total complexity of AFDM-IM with the VB-SBL

detector is therefore O(I N2 +MKG+GL), compared with O(N3 +MKG+GL)

for the MMSE plus ED baseline. For typical AFDM-IM systems with N between

64 and 256 and I between 10 and 20, the quadratic-in-N scaling of VB-SBL is

substantially cheaper than the cubic scaling of MMSE.

5.6 Simulation Results

5.6.1 AFDM-GIM Performance

The simulation parameters for AFDM-GIM are a carrier frequency fc = 4 GHz,

a subcarrier spacing ∆f = 1 MHz, two or four propagation paths (P = 2,4),

and a maximum UE velocity of 800 km/h. The DAFT parameters are set to

c1 = (2αmax + 1)/(2N) and c2 = 1/(πN2), and simulations are conducted under an
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integer Doppler channel.

Figure 5.3: Spectral efficiency variation with the permitted active subcarriers in
AFDM-GIM

The spectral efficiency of AFDM-GIM is evaluated using (5.11) for varying

numbers of active subcarriers in an AFDM subblock. As illustrated in Fig. 5.3, the

spectral efficiency increases as the number of permitted active indices grows. For

an AFDM subblock of size L= 8, the configurations K = {1}, {1,3}, {1,3,4}, and

{1,3,4,5} result in spectral efficiencies of 4, 8.858, 10.629, and 11.721 bits/s/Hz

respectively. This demonstrates that a higher number of permitted active subcarriers

leads to improved spectral efficiency, highlighting the potential of AFDM-GIM in

optimizing data transmission.

Fig. 5.4 illustrates the BER performance comparison of AFDM-GIM, AFDM-

IM [27], and conventional AFDM under the same spectral efficiency. The AFDM-

GIM scheme employs a permitted active set K= {1,2,3} with subblock length L= 4,

AFDM frame length N = 64, and G = 16 subblocks. QPSK is used for symbol

modulation in AFDM-GIM. AFDM-IM uses K = 1 with 16-QAM modulation,

while conventional AFDM uses 64-QAM. The BER curves indicate that AFDM-

GIM outperforms both AFDM-IM and conventional AFDM across the entire SNR

range. This improvement is due to the additional diversity gain provided by
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Figure 5.4: BER performance comparison of AFDM-GIM with AFDM-IM and
conventional AFDM at the same spectral efficiency

the generalized index modulation technique, which leverages both index selection

and symbol modulation. At BER = 10−4, AFDM-GIM achieves an SNR gain of

approximately 2 dB over AFDM-IM and 4 dB over conventional AFDM.

Fig. 5.5 reports the BER performance of AFDM-GIM at two different spectral

efficiency values of 11.139 bits/s/Hz and 6.906 bits/s/Hz. The scheme uses a

permitted active set K = {1,3,5}, with QPSK modulation for the higher spectral

efficiency and BPSK modulation for the lower spectral efficiency. The AFDM

frame consists of N = 16 subcarriers divided into G= 16 subblocks. Performance

is evaluated using both ED and LLR based detection. The results demonstrate

the impact of spectral efficiency and detection technique on the BER performance

of AFDM-GIM, with both detectors exhibiting similar performance across the

evaluated SNR range.
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Figure 5.5: BER performance of AFDM-GIM with different spectral efficiencies
and detection techniques

5.6.2 AFDM-QIM Performance

The simulation parameters for AFDM-QIM are fc = 4 GHz, ∆f = 1 MHz, a two-

path channel (P = 2), and a maximum UE velocity of 750 km/h. The DAFT

parameters are c1 = (2αmax + 1)/(2N) and c2 = 1/(πN2), and simulations are

conducted under an integer Doppler channel.

Fig. 5.6 illustrates the BER performance comparison of AFDM-QIM obtained

from simulation and from the theoretical PEP analysis of Section 5.4. The system

parameters are N = 4, K = 2, and M = 4 for both the in-phase and quadrature

components, with Lmax = 0 and αmax = 1. As the SNR increases, the theoretical

BER values gradually converge with the simulation results. This alignment becomes

particularly noticeable beyond 17 dB, where the theoretical predictions closely

match the simulated data points. The strong correlation between the two curves at

higher SNR levels validates the accuracy of the upper bound in (5.42) in predicting

the BER performance of AFDM-QIM under the specified conditions.
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Figure 5.6: Comparison between the theoretical BER analysis and the simulated
BER performance for AFDM-QIM using ML detector

Figure 5.7: BER performance comparison of AFDM-QIM and AFDM-IM under
two different spectral efficiency values
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The BER performance of AFDM-QIM and AFDM-IM [28] under spectral

efficiencies of 2 bits/s/Hz and 3 bits/s/Hz is illustrated in Fig. 5.7. The simulations

use N = 16, G = 4, K = 2, Lmax = 1 and αmax = 1. For the spectral efficiency

of 2 bits/s/Hz, AFDM-QIM uses M = 2 for both the in-phase and quadrature

dimensions while AFDM-IM uses a symbol modulation order of eight. For the

spectral efficiency of 3 bits/s/Hz, AFDM-QIM uses M = 4 for both dimensions

and AFDM-IM uses 32-QAM. For both spectral efficiency levels, AFDM-QIM

demonstrates better BER performance than AFDM-IM, especially at higher SNR

values. At BER = 10−3, AFDM-QIM with spectral efficiency 3 bits/s/Hz attains

an SNR gain of approximately 2 dB over AFDM-IM at the same spectral efficiency.

At BER = 10−4, AFDM-QIM operating at 2 bits/s/Hz shows an SNR gain of

approximately 1.5 dB over AFDM-IM. The results emphasize the inherent trade-

off between spectral efficiency and error performance, since systems with higher

spectral efficiency exhibit higher BER than those with lower spectral efficiency at

the same SNR.

Figure 5.8: BER performance comparison of AFDM-QIM under different values of
K = {1,2,3} and M = 2
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Figure 5.9: BER performance comparison of AFDM-QIM under different values of
K = {1,2,3} and M = 4

Fig. 5.8 and Fig. 5.9 report the BER performance of AFDM-QIM under different

values of K ∈ {1,2,3} with M = 2 and M = 4 respectively. The system parameters

are N = 16, G = 4, Lmax = 1, and αmax = 1. For the BPSK case, AFDM-QIM

achieves BER = 10−4 at approximately 26 dB for K = 1, 29 dB for K = 2, and 32

dB for K = 3, indicating an SNR gain of approximately 3 dB between K = 1 and

K = 2, and approximately 6 dB between K = 1 and K = 3. For QPSK modulation,

AFDM-QIM reaches BER = 10−4 at approximately 36 dB for K = 1, 40 dB for

K = 2, and 44 dB for K = 3, with an SNR gain of approximately 4 dB between

K = 1 and K = 2, and approximately 8 dB between K = 1 and K = 3. These

results demonstrate that lower values of K lead to better BER performance in

AFDM-QIM regardless of the modulation order, with the trade-off that higher K

enables greater data throughput at the expense of degraded BER. This trade-off

becomes more significant as the modulation order increases from BPSK to QPSK.
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5.6.3 VB-SBL Detector Performance

The simulation setup for the VB-SBL detector considers a high-Doppler Rayleigh

fading channel with a maximum UE velocity of 800 km/h, N = 64, QPSK modula-

tion, and P = 3 multipath components. The VB-SBL detector uses 100 iterations.

Figure 5.10: BER performance comparison of MMSE and VB-SBL detector for
AFDM-IM with L = 4

Fig. 5.10 and Fig. 5.11 compare the BER performance of AFDM-IM with the

MMSE detector and the proposed VB-SBL detector. Fig. 5.10 uses subblock length

L= 4 with two sparsity levels K = 1 and K = 2, while Fig. 5.11 uses L= 8 with

K = 1 and K = 3. Across both configurations, the VB-SBL detector consistently

outperforms the MMSE-based approach [74], particularly in the high-SNR regime,

due to its ability to exploit the structured sparsity of the AFDM-IM transmit vector.

A lower value of K yields better BER performance, since fewer active subcarriers

reduce inter-symbol interference and improve detection accuracy. Increasing the

subblock length from L = 4 to L = 8 also improves BER performance, due to

increased symbol diversity and reduced index collision probability.
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Figure 5.11: BER performance comparison of MMSE and VB-SBL detector for
AFDM-IM with L = 8

Figure 5.12: BER performance of the VB-SBL based AFDM-IM detector across
different modulation schemes
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Fig. 5.12 illustrates the BER performance of the VB-SBL based AFDM-IM

detector for BPSK, QPSK, 8-QAM, and 16-QAM modulation under the config-

uration L = 4 and K = 1. Lower-order modulation schemes such as BPSK and

QPSK demonstrate superior BER performance across the SNR range due to their

higher noise resilience, with BPSK achieving the lowest BER followed closely by

QPSK. The higher-order modulations 8-QAM and 16-QAM suffer from increased

error rates, especially at low and moderate SNR. All modulation schemes show

significant BER improvement as SNR increases, validating the effectiveness of the

VB-SBL detection approach across modulation orders.

5.7 Summary

This chapter developed three index modulation schemes built on the AFDM

waveform together with a sparse Bayesian detector tailored to the structured

sparsity of AFDM-IM. AFDM-GIM relaxed the fixed active-subcarrier constraint of

AFDM-IM by allowing the number of active subcarriers per subblock to vary across

a permitted set K = {K1, . . . ,KT}, which enlarged the set of admissible subblock

realizations and raised the spectral efficiency over both AFDM-IM and conventional

AFDM at matched SNR. Energy detection and LLR based detectors were developed

for AFDM-GIM, with both detectors achieving comparable BER. AFDM-QIM

extended subcarrier index modulation in AFDM to operate independently on the

in-phase and quadrature components, doubling the index-modulation contribution

to spectral efficiency at matched subblock length. MMSE-ML and ML detectors

were developed for AFDM-QIM, and a complete PEP based analysis of the average

bit error rate was derived using the moment generating function of the codeword

difference correlation matrix and the Chernoff bound, with the theoretical upper

bound closely matching the simulated BER in the high-SNR regime. A Variational

Bayesian Sparse Bayesian Learning detector was developed for AFDM-IM that

exploits the structured sparsity of the AFDM-IM transmit vector through a two-
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layer hierarchical Gaussian-Gamma prior, with closed-form iterative updates derived

from the ELBO that avoid matrix inversion and reduce the equalization cost

from O(N3) to O(IN2) per iteration while delivering substantial BER gains over

conventional MMSE detection of AFDM-IM in high-Doppler channels. The AFDM-

IM construction, the generalized and quadrature variants, and the sparse Bayesian

detection framework introduced in this chapter form the basis for the dual-mode

and multi-mode index modulation schemes developed in following Chapters .



Chapter 6

AFDM with Dual-Mode Index

Modulation and Message Passing

Detection

This chapter develops AFDM with Dual-Mode Index Modulation (AFDM-DM-IM),

a scheme that activates every subcarrier of a subblock and modulates it with one of

two disjoint constellation alphabets [21, 25], achieving full resource utilization and

higher spectral efficiency than the AFDM-IM scheme of Chapter 5. The AFDM

system model, the chirp-parameter selection rule, and the DAFT-domain effective

channel matrix Heff that this chapter relies on are those established in Section 4.1,

and are not repeated here. We first present the AFDM-DM-IM transmitter and the

dual-mode index modulation structure. We then develop three baseline detectors,

an optimal maximum likelihood (ML) detector, an MMSE-ML detector, and a low-

complexity MMSE-LLR detector. We then propose two message passing detectors

that jointly infer the transmitted symbols and the subblock activation patterns

through an inline belief propagation module, a Vector Approximate Message

Passing detector with preconditioned conjugate gradient linear estimation termed

VAMP-DMDIM, and a Generalized Approximate Message Passing detector termed

GAMP-DMDIM. A pairwise error probability analysis of the average bit error rate
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is derived, and spectral efficiency, computational complexity, and simulation results

are presented at the end of the chapter.

6.1 AFDM-DM-IM System Model

In the AFDM-DM-IM system as in [53], the N chirp subcarriers separated by a

subcarrier spacing of ∆f carry a total of b bits per frame. These bits are divided

into G groups, each containing g bits that are further split into g1 index bits and g2

information bits. Each group corresponds to an AFDM subblock of length L=N/G.

The index selector uses the first g1 bits to segregate the subcarriers of the subblock

into two index subsets, J(g)
A and J

(g)
B . Two distinct constellation alphabets, A and

B, each of size MA and MB with no overlapping elements (A∩B = ∅), are used

to modulate the two subsets. For instance, A = {−1− j,1− j,1 + j,−1 + j} and

B = {3,3j,−3,−3j} are two distinguishable QPSK alphabets. The subcarriers

associated with J
(g)
A and J

(g)
B are modulated by mappers A and B respectively, with

K subcarriers modulated by A and the remaining L−K subcarriers modulated by

B. The number of index bits and information bits per subblock are

g1 =
⌊︄
log2

(︄
L

K

)︄⌋︄
, g2 =K log2MA +(L−K) log2MB, (6.1)

where
(︂

L
K

)︂
denotes the binomial coefficient and ⌊·⌋ is the floor function. An AFDM

subblock is represented as x(g) = {x(g)(1),x(g)(2), . . . ,x(g)(L)} for 1≤ g ≤G. After

collecting all subblocks, the AFDM block generator forms the DAFT-domain

transmit vector

x = {x(1), . . . ,x(g), . . . ,x(G)} ∈ CN×1. (6.2)

The operation of the index selector is detailed in Table 6.1 for the specific

values g1 = 2, L= 4, and K = 2. The index bits select the subset J(g)
A of subcarriers

modulated by alphabet A, and the remaining subcarriers form J
(g)
B , modulated by

alphabet B.
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Figure 6.1: Block diagram of the AFDM-DM-IM system

Table 6.1: Look-up table for dual-mode index modulation with g1 = 2, L = 4, K = 2
Index bits Indices Subblock

[0,0] [1,2] [η(1)
A ,η

(2)
A ,η

(1)
B ,η

(2)
B ]

[0,1] [1,3] [η(1)
A ,η

(1)
B ,η

(2)
A ,η

(2)
B ]

[1,0] [2,3] [η(1)
B ,η

(1)
A ,η

(2)
A ,η

(2)
B ]

[1,1] [3,4] [η(1)
B ,η

(2)
B ,η

(1)
A ,η

(2)
A ]



142 AFDM with Dual-Mode Index Modulation and Message Passing Detection

The DAFT-domain transmit vector x is processed by the AFDM modulator of

Section 4.1.2, which applies the inverse DAFT and prepends a chirp-periodic prefix

of length Lcp. After transmission across the doubly dispersive channel and CPP

removal, the DAFT-domain received vector follows the input-output relation

y = Heff x + w̃, (6.3)

where the effective DAFT-domain channel matrix Heff is given by (4.14), repeated

here for the P -path channel as

Heff =
P∑︂

i=1
hi AΓCPP,i ∆νi Πli AH , (6.4)

with hi the complex gain, li the integer delay, and νi the normalized Doppler shift

of the ith path. The noise w̃ ∼ CN(0,σ2IN ) retains the same statistics as the

time-domain noise because A is unitary. The chirp parameter c1 is selected per

the path-separability rule of (4.21).

6.2 Baseline Detectors for AFDM-DM-IM

6.2.1 ML Detector

The ML detector is the optimal detector for the AFDM-DM-IM system and is

given by

x̂ML = argmin
x∈X
∥y−Heffx∥2F , (6.5)

where X is the set of all possible realizations of the AFDM-DM-IM transmit vector

x. The computational complexity of the ML detector increases drastically with

the size of X, which makes it infeasible for practical implementation at large frame

sizes.
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6.2.2 MMSE-ML Detector

To reduce the computational complexity of the ML detector, the MMSE-ML

detector first applies MMSE equalization to the received signal

x̂MMSE =
(︂
HH

effHeff +σ2IN

)︂−1
HH

eff y, (6.6)

where IN is the identity matrix of order N . The equalized signal x̂MMSE is parti-

tioned into G subblocks u(ζ), ζ = 1, . . . ,G, and each subblock is demodulated using

an ML algorithm. For the ζth subblock, the optimal index sequence and transmit-

ted symbols are obtained by evaluating every possible subblock configuration by

exploring all index patterns J ∈ J and their corresponding symbol combinations

CJ ∈ CJ

{︂
Ĵ(ζ), x̂(ζ)

}︂
= arg min

J∈J,CJ∈CJ

L∑︂
k=1

⃓⃓⃓
u(ζ)(k)−CJ(k)

⃓⃓⃓2
, 1≤ ζ ≤G, (6.7)

where Ĵ(ζ) is the estimated index pattern of the ζth subblock and x̂(ζ) is the

estimated symbol vector. The information bits are recovered using an index pattern

mapping table together with the two constellation alphabets.

6.2.3 MMSE-LLR Detector

After equalization of the received signal using (6.6) and partitioning into subblocks,

an LLR based algorithm demodulates each subblock [20]. Since each subcarrier is

modulated by either alphabet A or alphabet B, the natural logarithm of the ratio

of the posterior probabilities of the two cases identifies the constellation mode of

the subcarrier. For the nth subcarrier of the ζth subblock, the log-likelihood ratio

is

ζn = ln

⎛⎜⎜⎝
∑︁MA

j=1 Pr
(︃
x

(η)
n = CA(j) | u(ζ)

n

)︃
∑︁MB

q=1 Pr
(︃
x

(η)
n = CB(q) | u(ζ)

n

)︃
⎞⎟⎟⎠ , 1≤ n≤ L, (6.8)
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where CA(j) ∈A and CB(q) ∈B. A positive ζn indicates that the nth subcarrier

is more likely modulated by alphabet A, and a negative ζn indicates that it is

more likely modulated by alphabet B. Relying solely on the sign of ζn can lead

to incorrect index pattern estimates in the presence of channel noise. To mitigate

this, the K largest LLR values in each subblock are identified, and the associated

subcarriers are taken as modulated by alphabet A. The transmitted symbols are

estimated by hard decision, and the information bits are decoded using the mapping

table. The LLR detector nearly matches the BER of the MMSE-ML detector while

significantly reducing the computational complexity.

6.3 VAMP-DMDIM Detector

The baseline detectors decouple equalization from index detection and ignore

the discrete constellation structure during the linear stage. The VAMP-DMDIM

detector instead jointly infers the transmitted symbols x and the index patterns

{J(g)
A }Gg=1 by adapting the VAMP framework [30] with preconditioned conjugate

gradient linear estimation of Chapter 4 to the dual-mode prior through an inline

subblock belief propagation module.

6.3.1 Detection Problem and Dynamic Mixed Prior

Given the measurement (6.3), the prior on the symbol xn within subblock g is a

dynamically updated soft mixture of the two alphabets

p(xn | πA,n) = πA,n

MA

MA∑︂
m=1

δ(xn−am)+ πB,n

MB

MB∑︂
m=1

δ(xn− bm), (6.9)

where πB,n = 1−πA,n and the type probability is initialized as π(0)
A,n =K/L. The

combined alphabet is C=A∪B with Q=MA +MB elements, and the type indicator

is tq = 1[cq ∈A].
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6.3.2 MMSE Denoiser

At outer iteration k, the VAMP denoiser receives the effective input r1,k ∈CN with

scalar precision γ1,k > 0. For each subcarrier n, the log-posterior over the combined

alphabet C is

ℓ(n)
q = logω(n)

q −γ1,k

⃓⃓⃓
r1,k,n− cq

⃓⃓⃓2
, q = 1, . . . ,Q, (6.10)

where ω(n)
q = πA,n/MA for cq ∈A and ω(n)

q = πB,n/MB for cq ∈B. After log-sum-exp

stabilization, the posterior weights are ω̃(n)
q = eℓ

(n)
q /

∑︁
q′ e

ℓ
(n)
q′ . The MMSE estimate,

posterior variance, and soft type posterior are

x̂1,k,n =
Q∑︂

q=1
cq ω̃

(n)
q , (6.11)

α1,k,n =
Q∑︂

q=1

⃓⃓⃓
cq− x̂1,k,n

⃓⃓⃓2
ω̃(n)

q , (6.12)

qA,n =
Q∑︂

q=1
tq ω̃

(n)
q . (6.13)

The Onsager-corrected quantities passed to the linear stage are

r̃k = x̂1,k−α1,kr1,k

1−α1,k
, γ̃k = γ1,k(1−α1,k)

α1,k
, (6.14)

where α1,k =N−1∑︁
nα1,k,n.

6.3.3 Subblock Belief Propagation

For the gth subblock, let P1, . . . ,PNp enumerate all Np =
(︂

L
K

)︂
valid index patterns,

with binary indicator tj,l = 1[l ∈ Pj ] [29]. The log-likelihood of pattern j is

Λ(g)
j =

L∑︂
l=1

[︂
tj,l logqA,nl

+(1− tj,l) log
(︂
1− qA,nl

)︂]︂
, (6.15)
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where nl = (g− 1)L+ l. After log-sum-exp normalization, the pattern posterior

ρ
(g)
j is obtained, and the updated soft type probability is

πnew
A,nl

=
Np∑︂
j=1

tj,l ρ
(g)
j . (6.16)

The MAP index pattern estimate is Ĵ
(g)
A = Pj∗ with j∗ = argmaxj ρ

(g)
j .

6.3.4 CG-Based LMMSE Estimation

The linear stage solves the Hermitian positive definite system Qkx̂2,k = bk, where

Qk = γwHH
effHeff + γ̃kIN , bk = γwHH

effy + γ̃kr̃k. (6.17)

This system is solved iteratively using preconditioned conjugate gradient with

KCG inner iterations and diagonal preconditioner mn = γw
∑︁

m |[Heff ]m,n|2 + γ̃k,

following the VAMP-CG construction of Section 4.3. The Onsager parameter

α2,k = (γ̃k/N)Tr[Q−1
k ] is estimated via a stochastic trace estimator using nprobe

probe vectors zj ∼ CN(0,IN ), with each Q−1
k zj obtained via an additional CG

solve. The VAMP state update is

γk+1 = γ̃kα2,k

1−α2,k
, r1,k+1 = ρd

x̂2,k−α2,kr̃k

1−α2,k
+(1−ρd)r1,k, (6.18)

with damping factor ρd = 0.5 and clipping. The type probability is damped as

πA← 0.5πnew
A +0.5πA.

6.3.5 Hard Decision

A voting buffer of depth nv = 3 accumulates the per-iteration MAP pattern es-

timates, and the final index pattern is determined by majority vote to mitigate

oscillation. Given the finalized type vector t̂(g) ∈ {0,1}L, the hard symbol decision
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is

x̂n =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
argmina∈A |x̂1,T,n−a|, t̂

(g)
l = 1,

argminb∈B |x̂1,T,n− b|, t̂
(g)
l = 0.

(6.19)

Index bits are recovered by table lookup of the matched valid pattern, and symbol

bits by nearest-point indexing within the chosen alphabet. The complete VAMP-

DMDIM detector is summarized in Algorithm 6.1.

Algorithm 6.1 VAMP-DMDIM Detector for AFDM-DM-IM
Require: Heff ,y,σ2

w,A,B,K,L,G,T,KCG,nprobe
1: Precompute: {(Pj ,tj)}, HH

effy, ∥hn∥2

2: Initialize: r0 = 0, γ0 = 1, π(0)
A,n =K/L, V = ∅

3: for k = 0 to T −1 do
4: Denoiser: compute x̂k,n,αk,n, qA,n via (6.10) to (6.13)
5: Compute r̃k, γ̃k via (6.14) and clip
6: Subblock BP: Λ(g)

j ,ρ
(g)
j ,πnew

A,nl
; j∗ = argmaxj ρ

(g)
j

7: Damped πA update; push {j∗
g} into V

8: CG-LMMSE: solve Qkx̂2,k = bk via PCG
9: Estimate α2,k via nprobe probes; update γk+1,rk+1

10: if convergence reached and k > 3 then
11: break
12: end if
13: end for
14: Hard decision: majority-vote t̂(g)

l ; enforce K ones; symbol decision via (6.19);
decode bits

15: return x̂, decoded bits

6.4 GAMP-DMDIM Detector

The GAMP-DMDIM detector [31] replaces the conjugate gradient linear step

of VAMP-DMDIM with direct output and input message updates, augmented

by adaptive damping, variance flooring, an Onsager bypass at high SNR, and a

divergence-detection reset. This eliminates the inner CG loop and the stochastic

trace estimator, reducing the per-iteration cost to two matrix-vector products

while retaining the joint symbol-index inference through the same subblock belief

propagation module.
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6.4.1 Output Linear Update

GAMP-DMDIM maintains output messages ŝ ∈ CN and input estimates x̂ ∈ CN

with per-subcarrier variance vx ∈RN
+ . Define the variance floor vmin = minc∈C |c|2×

10−4 and the noise-safe variance σ2
w,s = max(σ2

w,10−10). The output variance is

vp,m = max
(︄∑︂

n
|[Heff ]m,n|2vx,n,vmin

)︄
. (6.20)

The effective output, with Onsager bypass at high SNR, is

pm =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
[Heff x̂]m−vp,mŝm, v̄x > 10vmin,

[Heff x̂]m, otherwise.
(6.21)

The output residual and message variance are

ŝnew,m = ym−pm

vp,m +σ2
w,s

, vs,m = 1
vp,m +σ2

w,s
. (6.22)

The output message is clipped element-wise to magnitude smax = 10maxc |c|/
√︂
σ2

w,s.

6.4.2 Input Linear Update

The input message variance is vr,n = (∑︁m |[Heff ]m,n|2vs,m)−1, clipped to 2E[|x|2].

The effective input observation is

rn = x̂n +vr,n [HH
eff ŝnew]n, (6.23)

clipped to magnitude rmax = 3maxc |c|.
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6.4.3 MMSE Denoiser with Dynamic Mixed Prior

The denoiser is identical in structure to the VAMP-DMDIM denoiser, but the

scalar precision γ1,k is replaced by the per-subcarrier precision v−1
r,n

ℓ(n)
q = logω(n)

q −
|rn− cq|2

vr,n
, (6.24)

yielding the updated mean x̂n,new, the floored variance vx,n,new, and the soft type

posterior qA,n via (6.11) to (6.13).

6.4.4 Subblock Belief Propagation

The subblock belief propagation module is identical to that of Section 6.3.3. The

pattern log-likelihoods {Λ(g)
j } are computed via (6.15), the pattern posteriors {ρ(g)

j }

and soft type updates via (6.16), and the MAP pattern Ĵ
(g)
A is taken as the most

probable pattern.

6.4.5 Adaptive Damping Schedule

The damping coefficients are linearly scheduled over the T iterations

βt = β0 + t−1
T −1(βf −β0), (6.25)

with (β0,βf ) = (0.3,0.7) for the symbol estimates and (βπ,0,βπ,f ) = (0.2,0.5) for

the type probabilities. The damped updates are

x̂← βtx̂new +(1−βt)x̂, (6.26)

vx←max(βtvx,new +(1−βt)vx,vmin) , (6.27)

πA← clip(βπ,tπ
new
A +(1−βπ,t)πA, ϵ,1− ϵ) . (6.28)
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6.4.6 Divergence Detection and Reset

If ∥x̂new∥2 > xref = 5
√
Nmaxc |c| or becomes non-finite, the output messages are

reset and the symbol estimate is reverted

ŝ← 0, x̂new← x̂. (6.29)

6.4.7 Hard Decision

After iteration T , the index pattern is taken as Ĵ
(g)
A = Pj∗

T
. The hard symbol

decision uses the damped estimate

x̂hard
n =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
argmina∈A |x̂n−a|, t̂

(g)
l = 1,

argminb∈B |x̂n− b|, t̂
(g)
l = 0.

(6.30)

If ∑︁l t̂
(g)
l ̸= K, the type vector is corrected by retaining or adding the positions

with the largest qA,nl
. Index and symbol bits are decoded by table lookup and

nearest-point indexing. The complete GAMP-DMDIM detector is summarized in

Algorithm 6.2.
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Algorithm 6.2 GAMP-DMDIM Detector for AFDM-DM-IM
Require: Heff ,y,σ2

w,A,B,K,L,G,T
1: Precompute: {(Pj ,tj)}, |[Heff ]m,n|2, constants
2: Initialize: x̂ = 0, vx = Savg1, ŝ = 0, π(0)

A,n =K/L
3: for t= 1 to T do
4: Adaptive damping βt,βπ,t via (6.25)
5: Output update: vp,p, ŝnew,vs via (6.20) to (6.22)
6: Input update: vr,r via (6.23) and clip
7: Denoiser: x̂n,new,vx,n,new, qA,n via (6.24), (6.11) to (6.13)
8: Subblock BP: Λ(g)

j ,ρ
(g)
j ,πnew

A,nl
, j∗

t

9: Divergence check: reset via (6.29) if needed
10: Damped update via (6.26) to (6.28)
11: if convergence reached and t > 3 then
12: break
13: end if
14: end for
15: Hard decision: MAP pattern t̂

(g)
l ← tj∗

T ,l; enforce K ones; symbol decision via
(6.30); decode bits

16: return x̂hard, decoded bits

6.5 Pairwise Error Probability Analysis

6.5.1 Conditional Pairwise Error Probability

The received signal (6.3) can be restated as [17,39]

y =
P∑︂

i=1
hi Hi x + w̃ = Φ(x)Ψ+ w̃, (6.31)

where Ψ = [h1,h2, . . . ,hP ]T ∈ CP ×1, Hi = AΓCPP,i ∆νi Πli AH ∈ CN×N , and

Φ(x) = [H1x | · · · |HP x] ∈ CN×P . (6.32)

The conditional pairwise error probability for the AFDM-DM-IM scheme is

P (x→ x̂ |Ψ) = P
(︂
∥y−Φ(x̂)Ψ∥2 < ∥y−Φ(x)Ψ∥2

)︂
=Q

⎛⎝√︄ δ

2Pσ2

⎞⎠ , (6.33)
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where the Gaussian Q-function is Q(x) = 1
π

∫︁ π/2
0 exp

(︃
− x2

2sin2 ρ

)︃
dρ, and the condi-

tional squared distance is

δ = ∥(Φ(x̂)−Φ(x))Ψ∥2 = ΨHKΨ, (6.34)

with K = (Φ(x̂)−Φ(x))H(Φ(x̂)−Φ(x)).

6.5.2 Unconditional Pairwise Error Probability

Averaging the conditional pairwise error probability over the distribution of Ψ gives

P (x→ x̂) = 1
π

∫︂ π/2

0

∫︂ +∞

0
exp

(︄
− δ

4Pσ2 sin2 ρ

)︄
pδ(δ)dδ dρ

= 1
π

∫︂ π/2

0
Fδ

(︄
− 1

4Pσ2 sin2 ρ

)︄
dρ,

(6.35)

where Fδ(·) is the moment generating function of δ

Fδ(t) = |I− tK|−1 =
q∏︂

i=1
(1− tλi)−1, (6.36)

with q the number of distinct nonzero eigenvalues λi of K. Substituting (6.36) into

(6.35),

P (x→ x̂) = 1
π

∫︂ π/2

0

q∏︂
i=1

⎛⎝ 1
1+ λi

4P σ2 sin2 ρ

⎞⎠dρ. (6.37)

6.5.3 Chernoff Bound and Average Bit Error Rate

Applying the Chernoff bound inequality, the upper bound on the pairwise error

probability is

P (x→ x̂)≤
q∏︂

i=1

(︄
1+ λi

4Pσ2

)︄−1
. (6.38)

The theoretical upper bound on the average bit error rate of the AFDM-DM-IM

scheme is

PABER ≤
1
g 2g

∑︂
x

∑︂
x̂
P (x→ x̂)dH(x, x̂), (6.39)
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where dH(x, x̂) is the Hamming distance between the bit sequences of the respective

error events and g = g1 +g2 is the total number of bits per subblock.

6.6 Spectral Efficiency

The spectral efficiency of the AFDM-DM-IM scheme is the ratio of the information

rate to the bandwidth occupied. An AFDM-DM-IM frame spans a duration T and

a bandwidth N∆f , and conveys (g1 +g2)G bits. With G=N/L and T∆f = 1, the

spectral efficiency is

SEAFDM-DM-IM =
⌊log2

(︂
L
K

)︂
⌋+K log2MA +(L−K) log2MB

L
. (6.40)

For comparison, the spectral efficiencies of conventional AFDM and AFDM-IM are

SEAFDM = log2Mmod, SEAFDM-IM =
⌊log2

(︂
L
K

)︂
⌋+K log2Mmod

L
, (6.41)

where Mmod is the size of the modulation alphabet. AFDM-DM-IM activates every

subcarrier of a subblock through two disjoint alphabets, which achieves complete

resource utilization and higher spectral efficiency than AFDM-IM while avoiding

the higher-order constellations that would otherwise reduce the minimum distance

and degrade reliability.

6.7 Computational Complexity Summary

Table 6.2 summarizes the computational complexity of the detectors developed in

this chapter. The ML detector grows exponentially with the joint index-symbol

search space and is infeasible for large frames. The MMSE-ML and MMSE-LLR

detectors replace the joint search with MMSE equalization at O(N3) followed by

per-subblock demodulation. The VAMP-DMDIM detector performs KCG +nprobe

conjugate gradient solves per outer iteration, each at O(N2), plus the denoiser and



154 AFDM with Dual-Mode Index Modulation and Message Passing Detection

belief propagation module of cost O(QN +NpG). The GAMP-DMDIM detector

requires only two matrix-vector products per iteration at O(N2), plus the same

denoiser and belief propagation module. Since KCG +nprobe≫ 2, GAMP-DMDIM

achieves substantially lower per-iteration cost than VAMP-DMDIM while both

retain quadratic scaling in N .

Table 6.2: Computational complexity of AFDM-DM-IM detectors with N subcarri-
ers, G subblocks, L subblock length, K active subcarriers, alphabet sizes MA and
MB, combined alphabet size Q = MA + MB, pattern count Np =

(︁L
K

)︁
, T message

passing iterations, KCG inner CG iterations, and nprobe trace probes
Detector Complexity
ML O

(︂
(MK

A ML−K
B )G

)︂
MMSE-ML O

(︂
N3 +G(⌊log2

(︂
L
K

)︂
⌋+K log2MA +(L−K) log2MB)

)︂
MMSE-LLR O

(︂
N3 +GL(MA +MB)+GL2

)︂
VAMP-DMDIM O

(︂
T (KCG +nprobe)N2 +T (QN +NpG)

)︂
GAMP-DMDIM O

(︂
2TN2 +T (QN +NpG)

)︂

6.8 Simulation Results

6.8.1 AFDM-DM-IM Performance with Baseline Detectors

The simulation parameters for the AFDM-DM-IM baseline evaluation are a carrier

frequency fc = 4 GHz, a chirp subcarrier spacing ∆f = 4 kHz, a three-path channel

(P = 3) with a maximum UE speed of 1200 km/h, and chirp parameter c1 =

(2(amax +kν)+1)/(2N) with kν = 1.

Fig. 6.2 compares the BER of AFDM-DM-IM and AFDM-IM [27] with the

configuration {N,G,L,K}= {16,4,4,2}. AFDM-DM-IM achieves a spectral effi-

ciency of 1.5 bits/s/Hz using two distinguishable BPSK alphabets, while AFDM-IM

achieves the same spectral efficiency using QPSK with two of the four subcarriers

modulated and the rest left inactive. At a BER of 10−4, AFDM-DM-IM attains

a 4 dB SNR gain over AFDM-IM. To reach a spectral efficiency of 2.5 bits/s/Hz,

AFDM-DM-IM uses two distinguishable QPSK alphabets while AFDM-IM uses
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Figure 6.2: BER comparison of AFDM-DM-IM and AFDM-IM under high Doppler

16-QAM, and AFDM-DM-IM achieves almost 8 dB SNR gain over AFDM-IM.

This larger gain arises because the minimum distance between the constellation

symbols is smaller in 16-QAM than in the dual-mode QPSK and QPSK case.

Fig. 6.3 examines the effectiveness of the derived BER upper bound of (6.39).

The system parameters are a spectral efficiency of 1.5 bits/s/Hz with {N,G,L,K}=

{4,1,4,2}, evaluated under three channel conditions with P = 1,2,3 paths. As the

SNR increases, the theoretical upper bound converges with the simulation results,

demonstrating excellent alignment particularly for SNR values above 10 dB. For

all multipath scenarios, the theoretical bounds consistently track the simulation

trends, confirming their reliability as performance indicators.

Fig. 6.4 illustrates the BER of AFDM-DM-IM for spectral efficiency values of

1.5, 2.5, and 4.5 bits/s/Hz with {N,G,L,K}= {16,1,4,2}. The system with 1.5

bits/s/Hz using the BPSK and BPSK scheme exhibits the lowest BER, reaching

10−4 at around 30 dB SNR. The 2.5 bits/s/Hz configuration using QPSK and QPSK

reaches a similar BER at around 35 dB SNR, and the 4.5 bits/s/Hz configuration
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Figure 6.3: Comparison between the theoretical BER upper bound and the simu-
lated BER for AFDM-DM-IM using the ML detector

Figure 6.4: BER performance of AFDM-DM-IM under different spectral efficiency
values
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using 16-QAM and 16-QAM reaches it at approximately 40 dB SNR. Higher-order

modulation schemes used to achieve higher spectral efficiency increase the BER for

a given SNR, reflecting the trade-off between data rate and reliability.

Figure 6.5: BER comparison of AFDM-DM-IM and OTFS-DM-IM

Fig. 6.5 compares AFDM-DM-IM and OTFS-DM-IM [25] with {N,G,L,K}=

{16,1,4,2}. At a spectral efficiency of 2.5 bits/s/Hz, both systems exhibit nearly

identical BER across the SNR range. At a lower spectral efficiency of 1.5 bits/s/Hz,

AFDM-DM-IM consistently outperforms OTFS-DM-IM, with the gap widening as

SNR increases. AFDM-DM-IM therefore delivers better error performance than

OTFS-DM-IM at lower spectral efficiency while matching it at higher spectral

efficiency.

6.8.2 Message Passing Detector Performance

The message passing detectors are evaluated against the MMSE-LLR baseline over

the 3GPP ITU EVA channel profile with Jake’s Doppler model. The AFDM system

uses a carrier frequency fc = 4 GHz, a bandwidth Bw = 4 MHz with sampling period
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Ts = 1/Bw, and integer tap delays obtained by rounding the standard ITU EVA

delay table. The fading coefficients are drawn as hi∼ CN(0,σ2
i ) with normalized tap

powers, and the Doppler frequencies follow νi =αmax cosθi with θi∼U[−π,π]. Both

message passing detectors are run for T = 12 outer iterations, with KCG = 15 inner

CG iterations and nprobe = 3 probe vectors for the VAMP-DMDIM trace estimator.

The number of subcarriers is fixed at N = 256, and Monte Carlo averaging is

performed over independent channel realizations per SNR point.

Figure 6.6: BER versus SNR for two spectral efficiency configurations with L = 4,
K = 2 over the EVA channel

Fig. 6.6 shows the BER versus SNR for αmax = 2, L= 4, K = 2 at two spectral

efficiencies. The 2.5 bits/s/Hz setting uses disjoint dual-mode QPSK alphabets,

while the 2 bits/s/Hz setting uses disjoint BPSK alphabets on the real and imaginary

axes, all normalized to unit power. GAMP-DMDIM attains the lowest BER in both

cases, with gains of about 3 dB over MMSE-LLR and 1.5 dB over VAMP-DMDIM

at a BER of 10−3 for the 2.5 bits/s/Hz setting, widening further at 2 bits/s/Hz

where the reduced constellation density allows the joint symbol-index refinement
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to exploit the dual-mode prior more effectively than the decoupled MMSE-LLR

baseline.

Figure 6.7: BER versus SNR for two values of αmax over the EVA channel with
disjoint BPSK dual-mode alphabets

Fig. 6.7 compares the BER for two values of the maximum normalized Doppler

αmax, using disjoint BPSK alphabets with L= 16, K = 3. Increasing αmax enriches

the delay-Doppler diversity captured by the DAFT and yields a steeper BER

waterfall for all three detectors. GAMP-DMDIM yields a gain of approximately 2

to 3 dB over MMSE-LLR and about 1 dB over VAMP-DMDIM at a BER of 10−3

for both Doppler values. The performance ordering is preserved across Doppler

settings because the iterative output and input message updates of GAMP-DMDIM

track the per-subcarrier diversity gain directly, whereas the linear MMSE-LLR

baseline fails to exploit it.

Fig. 6.8 and Fig. 6.9 examine the impact of subblock length and activation

density. Across both L = 8 and L = 16, GAMP-DMDIM achieves a gain of

approximately 2.5 to 3 dB over MMSE-LLR and around 1 dB over VAMP-DMDIM
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Figure 6.8: BER versus SNR for L = 8 over the EVA channel, comparing K = 3
and K = 5

Figure 6.9: BER versus SNR for L = 16 over the EVA channel, comparing K = 1
and K = 3
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at a BER of 10−3, with sparser activation patterns yielding the lowest absolute

BER due to sharper pattern likelihoods in the subblock belief propagation module.

The consistent advantage at the larger pattern set Np =
(︂

16
3

)︂
= 560 confirms that

the inline belief propagation module scales effectively to denser configurations,

while the elimination of the inner CG loop allows GAMP-DMDIM to reach this

BER at lower per-iteration cost than VAMP-DMDIM.

6.9 Summary

This chapter developed AFDM-DM-IM, a dual-mode index modulation scheme

that activates every subcarrier of a subblock through two disjoint constellation

alphabets and thereby achieves complete resource utilization and higher spectral

efficiency than the AFDM-IM scheme of Chapter 5. Three baseline detectors

were developed, an optimal ML detector, an MMSE-ML detector, and a low-

complexity MMSE-LLR detector, with the ML detector achieving the lowest BER

at a complexity that grows exponentially with the joint index-symbol search

space. A complete pairwise error probability analysis of the average bit error

rate was derived using the moment generating function of the codeword difference

correlation matrix and the Chernoff bound, with the theoretical upper bound

closely matching the simulated BER above 10 dB. Two message passing detectors

were then proposed that jointly infer the transmitted symbols and the subblock

activation patterns through an inline belief propagation module enforcing the

K-of-L index constraint. VAMP-DMDIM adapts the preconditioned conjugate

gradient VAMP framework of Chapter 4 to the dual-mode prior with majority-vote

hard decisions for index stability, while GAMP-DMDIM replaces the conjugate

gradient linear step with direct output and input message updates augmented

by adaptive damping, variance flooring, an Onsager bypass at high SNR, and

a divergence-detection reset. Simulations over the 3GPP ITU EVA profile with

Jake’s Doppler model confirmed that GAMP-DMDIM consistently outperforms
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MMSE-LLR and VAMP-DMDIM in BER while eliminating the inner conjugate

gradient loop yields lower per-iteration computational cost. The dual-mode index

modulation construct and the message passing detection framework introduced

in this chapter extend to the multi-mode index modulation scheme developed in

Chapter 7.



Chapter 7

AFDM with Multi-Mode Index

Modulation and

Permutation-Based Detection

This chapter develops AFDM with Multi-Mode Index Modulation (AFDM-MM-

IM), an index modulation scheme that activates every subcarrier of a subblock and

modulates it with a symbol drawn from one of n distinct constellation modes, with

the permutation of modes across the subblock carrying index information [22,26].

The AFDM system model, the chirp-parameter selection rule, and the DAFT-

domain effective channel matrix Heff that this chapter relies on are those established

in Section 4.1, and are not repeated here. We first present the AFDM-MM-IM

transmitter, the factorial permutation mapping that encodes the index bits, and the

DAFT-domain signal model. We then develop three detectors, an LLR-based greedy

detector that decouples mode assignment and symbol detection at low complexity,

a Viterbi-based trellis detector that formulates the mode assignment as a shortest-

path problem over a binomial-state trellis, and a sphere decoding based near-ML

detector that jointly searches the mode-symbol space with branch-and-bound

pruning. A pairwise error probability analysis of the average bit error probability

is derived, and spectral efficiency, computational complexity, and simulation results
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are presented at the end of the chapter.

The multi-mode scheme developed here is benchmarked not only against classical

AFDM and AFDM-IM but also against the multi-mode variants of OFDM and

OTFS (OFDM-MM and OTFS-MM), since the multi-mode setting is where a

comparison across waveforms is most informative; these cross-waveform baselines

are presented together in the performance comparison at the end of this chapter.

7.1 AFDM-MM-IM System Model

In the AFDM-MM-IM system as in [54], the N DAFT-domain subcarriers are

organized into G subblocks of length n=N/G, and a stream of b incoming bits is

divided into G groups of g= b/G bits each. Since each group is processed identically,

we focus on an arbitrary group g ∈ {1,2, . . . ,G}. Each bit group of g bits is split

into two segments. The first segment carries g1 index bits, which determine the

permutation of a predefined set of modulation constellations {M1,M2, . . . ,Mn}

over the n subcarriers of the subblock. The second segment carries g2 = n log2M

modulation bits, which are mapped to n symbols s(g)
1 , s

(g)
2 , . . . , s

(g)
n , with each symbol

drawn from the constellation assigned to the corresponding subcarrier.

To ensure distinct modulation modes across subcarriers, the g1 index bits must

encode one of the n! full permutations of the n modes, so that

g1 = ⌊log2(n!)⌋. (7.1)

The index set corresponding to the selected permutation is denoted as P(g) =

{j(g)
1 , j

(g)
2 , . . . , j

(g)
n }, where j(g)

r ∈ {1,2, . . . ,n} identifies the constellation assigned to

the rth subcarrier of the gth subblock.
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Figure 7.1: Block diagram of the AFDM-MM-IM system

7.1.1 Look-Up Table Method

A look-up table with 2g1 entries is precomputed at both the transmitter and receiver.

Each unique g1-bit pattern maps to a selected permutation of {M1, . . . ,Mn}. For

instance, for g1 = 3 and n= 4, only 23 = 8 permutations out of 4! = 24 are used.

This approach is simple but becomes inefficient for large n due to the memory

required to store the table.

7.1.2 Factorial Permutation Method

This method establishes a bijective mapping from integers in the range [0,n!−1]

to the permutations of U = {1,2, . . . ,n} based on lexicographic order. Each integer

λ ∈ [0,n!−1] is converted into a factorial-base representation

λ= (cn−1)(n−1)!+(cn−1−1)(n−2)!+ · · ·+(c2−1)1!+(c1−1)0!, (7.2)
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where C = {cn, cn−1, . . . , c1} and each ci is the largest integer such that the accu-

mulated sum does not exceed λ. Given C, the permutation P(g) is obtained by

successively picking the cith smallest unused element from U.

As an example, for n= 4 and λ ∈ [0,23], the corresponding permutations are

listed in Table 7.1. For λ= 2, the factorial expansion yields C = {1,1,2,1}. The

first index 1 selects the first smallest unused element (1), leaving {2,3,4}. The

next index 1 selects 2, leaving {3,4}. The next index 2 selects 4, leaving {3}. The

final index 1 selects 3. Thus, P(g) = {1,2,4,3}. This method avoids the memory

cost of the look-up table and is preferred for large n.

Table 7.1: Permutation mapping for n = 4 using factorial expansion
λ Factorial expansion C P(g)

0 0 ·6+0 ·2+0 ·1+0 ·0 {1,1,1,1} {1,2,3,4}
1 0 ·6+0 ·2+0 ·1+1 ·0 {1,1,1,2} {1,2,4,3}
2 0 ·6+0 ·2+1 ·1+0 ·0 {1,1,2,1} {1,3,2,4}
3 0 ·6+0 ·2+1 ·1+1 ·0 {1,1,2,2} {1,3,4,2}
4 0 ·6+0 ·2+2 ·1+0 ·0 {1,1,3,1} {1,4,2,3}
5 0 ·6+0 ·2+2 ·1+1 ·0 {1,1,3,2} {1,4,3,2}
... ... ... ...

23 3 ·6+1 ·2+1 ·1+1 ·0 {4,2,2,2} {4,3,2,1}

7.1.3 Transmit Signal and Channel Model

Once P(g) = {j(g)
1 , . . . , j

(g)
n } is identified, each symbol s(g)

r is drawn from the con-

stellation M
j

(g)
r

. After processing all G groups, the resulting symbol vectors

x(1),x(2), . . . ,x(G) are arranged into the matrix

S = [x(1),x(2), . . . ,x(G)]. (7.3)
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The matrix is read row-wise and written column-wise to form the DAFT-domain

transmit vector

x = [x(1)
1 , . . . ,x(1)

n ,x
(2)
1 , . . . ,x(2)

n , . . . ,x
(G)
1 , . . . ,x(G)

n ]T ∈ CN×1. (7.4)

The DAFT-domain vector x is processed by the AFDM modulator of Section

4.1.2, which applies the inverse DAFT and prepends a chirp-periodic prefix of

length Lcp. After transmission across the doubly dispersive channel and CPP

removal, the DAFT-domain received vector follows the input-output relation

y = Heff x + w̃, (7.5)

where the effective DAFT-domain channel matrix Heff is given by (4.14), with hi

the complex gain, li the integer delay, and νi = αi +ai the normalized Doppler shift

of the ith path. The chirp parameter c1 is selected per the path-separability rule

of (4.21), and the noise w̃∼ CN(0,σ2IN ).

7.1.4 MMSE Equalization and Joint ML Decoding

The DAFT-domain received signal is processed by an MMSE equalizer to mitigate

the delay-Doppler spread of the channel

ẑ =
(︂
HH

effHeff +σ2IN

)︂−1
HH

eff y, (7.6)

where IN is the identity matrix of order N . The equalized signal ẑ is partitioned

into G subblocks z(g) ∈ Cn×1 for g = 1, . . . ,G, and each subblock is processed

independently because the encoding of each subblock is independent.

The receiver can jointly detect the transmitted symbol vector and the mode
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permutation for the gth subblock by solving the maximum likelihood optimization

(︃
s(g)

est ,P
(g)
est

)︃
= arg min

s(g),P(g)

⃦⃦⃦
z(g)−x(g)

⃦⃦⃦2
, (7.7)

where P
(g)
est is the estimated permutation index vector and s(g)

est is the estimated

symbol vector. The computational complexity of (7.7) is approximately O(n!Mn)

complex multiplications per subblock, which quickly becomes infeasible for large n

and M . The next three sections develop low-complexity alternatives.

7.2 LLR-Based Greedy Detector

The detection of AFDM-MM-IM signals involves two intertwined tasks, identifying

the active mode permutation for the subcarriers within a subblock and detecting

the corresponding modulated symbols. An LLR-based greedy detector [20] reduces

the factorial mode search to a per-subcarrier metric evaluation while preserving

reliable detection performance.

For each subcarrier i ∈ {1, . . . ,n} and each candidate mode τ ∈ {1, . . . ,n} of

the gth subblock, the receiver computes a log-likelihood ratio that quantifies the

likelihood that the symbol on subcarrier i was transmitted using mode Mτ

Λ(i, τ) = log

⎛⎜⎜⎝
∑︁

s∈Mτ
exp

(︃
−|z(g)

i − s|2
)︃

∑︁
γ ̸=τ

∑︁
s∈Mγ exp

(︃
−|z(g)

i − s|2
)︃
⎞⎟⎟⎠ , (7.8)

where Mτ denotes the constellation of the τth mode. Since each subcarrier must be

assigned a unique mode from {M1, . . . ,Mn}, a greedy algorithm is used to maximize

the overall LLR-based confidence. For each subcarrier i, the unassigned mode τ∗(i)

that yields the highest LLR value is selected

τ∗(i) = argmax
τ∈Ui

Λ(i, τ), (7.9)
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where Ui ⊆ {1, . . . ,n} is the set of modes not yet assigned to any subcarrier. This

ensures that each mode is used exactly once within the subblock, adhering to the

permutation constraint.

Once the mode assignment {τ∗(i)} is finalized for all subcarriers, the symbol

detection step compares the equalized symbol z(g)
i against all elements in the

assigned mode Mτ∗(i), and selects the closest one

ŝi = arg min
s∈Mτ∗(i)

⃓⃓⃓⃓
z

(g)
i − s

⃓⃓⃓⃓2
. (7.10)

Each detected symbol ŝi corresponds to a unique index ℓi ∈ {0, . . . ,M −1} within

the assigned mode and is mapped to a binary vector b̂i ∈ {0,1}log2 M using most-

significant-bit ordering. The recovered bits from all subcarriers and subblocks

are concatenated to form the estimated bit stream b̂. The complete procedure is

summarized in Algorithm 7.1.

Algorithm 7.1 LLR-Based Greedy Detection for AFDM-MM-IM
Require: Received DAFT-domain subblock z(g) ∈ Cn, mode sets {M1, . . . ,Mn},

constellation size M
1: Compute LLR matrix Λ(i, τ) for all subcarriers i and modes τ via (7.8)
2: Initialize unassigned mode set U = {1,2, . . . ,n}
3: for i= 1 to n do
4: Select mode τ∗(i) = argmaxτ∈UΛ(i, τ)
5: Assign τ∗(i) to subcarrier i and update U← U\{τ∗(i)}
6: end for
7: for i= 1 to n do
8: Detect symbol ŝi = argmins∈Mτ∗(i) |z

(g)
i − s|2

9: Map ŝi to bit vector b̂i ∈ {0,1}log2 M

10: end for
11: Concatenate bits b̂ = [b̂T

1 , b̂T
2 , . . . , b̂T

n ]T
12: return estimated permutation {τ∗(i)} and bit stream b̂

The LLR-based greedy detector reduces the computational cost from the

O(n!Mn) of joint ML detection to a per-subblock metric evaluation that is quadratic

in n and linear in M . By decoupling mode selection from symbol demodulation, it

achieves reliable performance at moderate system sizes with tractable complexity.
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7.3 Viterbi-Based Trellis Detector

Given the factorial number of possible permutations, joint ML detection over the

mode space is computationally prohibitive. A trellis-based algorithm inspired by

the Viterbi decoder [81] enables efficient detection of the optimal permutation with

near-optimal performance.

7.3.1 Trellis Construction

A trellis is constructed with n+1 stages corresponding to n sequential decisions,

one per subcarrier of the subblock. The initial state at stage 0 is the null set ∅,

representing the condition in which no mode has yet been assigned. At stage γ ∈

{1, . . . ,n}, the number of valid states is the binomial coefficient
(︂

n
γ

)︂
, corresponding

to all possible γ-element subsets of the available n modes. Each state represents

the set of modes assigned to the first γ subcarriers, irrespective of ordering. A

transition exists between two states if the mode set at stage γ−1 is a proper subset

of that at stage γ differing by exactly one element. Each node at stage γ has γ

incoming paths and n−γ outgoing paths.

For n = 4, the trellis comprises five stages as shown in Fig. 7.2. Stage 0 is

initialized with ∅. Stage 1 consists of all singleton subsets {1},{2},{3},{4}. Stage

2 includes all two-element subsets {1,2},{1,3},{1,4},{2,3},{2,4},{3,4}. Stage 3

includes {1,2,3},{1,2,4},{1,3,4},{2,3,4}, and stage 4 includes all permutations

of the four modes. Each path from the initial to the terminal stage represents a

unique permutation of modes assigned across the four subcarriers.

7.3.2 Cost Matrix and Dynamic Programming

Let z(g) = [z(g)
1 , . . . , z

(g)
n ]T ∈ Cn denote the DAFT-domain equalized received vector

corresponding to the gth subblock. The cost of assigning mode m to subcarrier i

is the minimum Euclidean distance between the received symbol and the closest
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Figure 7.2: Trellis diagram for n = 4 used in mode-order detection for multi-mode
index modulation
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constellation point in Mm

C(i,m) = min
s∈Mm

⃓⃓⃓⃓
z

(g)
i − s

⃓⃓⃓⃓2
. (7.11)

The detection task reduces to identifying the permutation P(g) = [τ∗(1), . . . , τ∗(n)]

that minimizes the total assignment cost ∑︁n
i=1C(i, τ∗(i)), subject to τ∗(i) ̸= τ∗(j)

for i ̸= j.

We use a binary bitmask s ∈ {0,1}n to encode the set of modes assigned up

to a given stage, compactly represented as an integer in [0,2n− 1]. Let DP(i,s)

denote the minimum path cost to reach stage i under assignment state s. The

recursion is initialized for all single-mode assignments as

DP(1,2m−1) = C(1,m), m ∈ {1, . . . ,n}. (7.12)

At each subsequent stage i= 2, . . . ,n, we consider all valid previous states s with

i−1 active bits and extend them by assigning one additional unallocated mode m.

The updated state becomes s′ = s+2m−1, and the recurrence is

DP(i,s′) = min[DP(i−1, s)+C(i,m)] , (7.13)

with a pointer matrix Path(i,s′) recording the optimal transition at each step.

After computing all entries, the minimum-cost full assignment corresponds to the

state sfull = 2n− 1, and the optimal path is recovered by backtracking through

Path, yielding the permutation P(g) that minimizes the total cost.

Following permutation detection, symbol demodulation is performed indepen-

dently per subcarrier. For each index i, the received value z(g)
i is compared to all

constellation points in the assigned mode Mτ∗(i), and the closest symbol is selected

ŝi = arg min
s∈Mτ∗(i)

⃓⃓⃓⃓
z

(g)
i − s

⃓⃓⃓⃓2
. (7.14)
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The detected symbol index is mapped to its binary representation b̂i, and the

bit streams across all subcarriers and subblocks are concatenated to reconstruct

the estimated message vector. The complete trellis detector is summarized in

Algorithm 7.2.

Algorithm 7.2 Viterbi-Based Trellis Detection for AFDM-MM-IM

Require: z(g) = [z(g)
1 , . . . , z

(g)
n ]T , constellation modes {M1, . . . ,Mn}, constellation

size M
1: Construct cost matrix C(i,m) = mins∈Mm |z

(g)
i − s|2 for all i,m

2: Set DP(1,2m−1) = C(1,m) and Path(1,2m−1) =m for m= 1, . . . ,n
3: for i= 2 to n do
4: for each previous state s with Hamming weight i−1 do
5: for each unassigned mode m /∈ s do
6: s′← s+2m−1

7: DP(i,s′)←min[DP(i−1, s)+C(i,m)]
8: Path(i,s′)← (s,m)
9: end for

10: end for
11: end for
12: Recover optimal permutation P(g) from Path by backtracking from sfull = 2n−1
13: for i= 1 to n do
14: ŝi = argmins∈Mτ∗(i) |z

(g)
i − s|2

15: Map ŝi to bit vector b̂i

16: end for
17: Concatenate b̂ = [b̂T

1 , . . . , b̂T
n ]T

18: return estimated permutation P(g) and bit stream b̂

There are
(︂

n
γ

)︂
nodes at stage γ, and each node requires the computation of γ

path metrics, one per incoming transition. The total computational complexity of

the trellis detector is O
(︂∑︁n

γ=1 γ
(︂

n
γ

)︂)︂
= O(n2n), which is significantly lower than

the brute-force ML complexity of O(n!Mn). This reduction makes the trellis-based

Viterbi algorithm highly suitable for AFDM-MM-IM systems at moderate values

of n, where a balance between detection performance and computational cost is

essential.



174 AFDM with Multi-Mode Index Modulation and Detection

7.4 Sphere Decoding Based Near-ML Detector

The sphere decoder [82] performs a depth-first, branch-and-bound tree search over

the joint mode-symbol space, retaining near-ML accuracy while exploiting pruning

to reduce the average complexity well below the exhaustive search. For the gth

subblock, the joint detection problem is

(︂
P̂, ŝ

)︂
= arg min

P∈Pn

min
s∈Mj1×···×Mjn

⃦⃦⃦
z(g)− s

⃦⃦⃦2
, (7.15)

where Pn denotes the set of all n! permutations of {1, . . . ,n}. This combinatorial

problem is formulated as a layered tree, where each level i corresponds to assigning

a mode and a symbol to the ith subcarrier.

The sphere decoder performs a recursive depth-first search over this tree. At

level i, it considers all mode indices not already used in previous levels and tries

each constellation point in the current candidate mode. For a partial assignment

with symbol vector s1:i, the cumulative metric is

Ti =
i∑︂

j=1

⃓⃓⃓⃓
z

(g)
j − sj

⃓⃓⃓⃓2
. (7.16)

If Ti ≥ Tbest, where Tbest is the minimum cost among previously found complete

solutions, the path is pruned. Otherwise, the decoder proceeds to level i+ 1. Once

a full path to level n is completed, the total cost is compared and retained if lower.

The detector is summarized in Algorithm 7.3.

Branch-and-bound pruning lets the sphere decoder explore a significantly re-

duced search space compared to brute-force ML. Although its worst-case complexity

is still O(n!Mn), the average complexity remains low at moderate to high SNR,

where many paths are pruned early. This makes sphere decoding a practical

trade-off between complexity and performance for AFDM-MM-IM.
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Algorithm 7.3 Sphere Decoding Based Near-ML Detection for AFDM-MM-IM
Require: Received subblock z(g) ∈ Cn, mode constellations {M1, . . . ,Mn}

1: Initialize sphere radius Tbest =∞ and best path (P̂, ŝ) = ∅
2: for each starting mode m ∈ {1, . . . ,n} do
3: Call SphereDecode(1,m,∅,0)
4: end for
5: Procedure SphereDecode(i,m,s1:i−1,Ti−1)
6: for each si ∈Mm do
7: Ti← Ti−1 + |z(g)

i − si|2
8: if Ti ≥ Tbest then
9: prune this path

10: else if i= n then
11: Tbest← Ti

12: Store (P̂, ŝ) = (P, [s1, . . . , sn])
13: else
14: for each unused mode m′ do
15: Call SphereDecode(i+1,m′,s1:i,Ti)
16: end for
17: end if
18: end for
19: End Procedure
20: for i= 1 to n do
21: ŝi = argmins∈M

P̂(i)
|z(g)

i − s|2

22: Map ŝi to bit vector b̂i

23: end for
24: return estimated permutation P̂ and bit stream b̂ = [b̂T

1 , . . . , b̂T
n ]T
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7.5 Pairwise Error Probability Analysis

To analytically evaluate the error performance of AFDM-MM-IM under ML detec-

tion, we derive the BER through pairwise error probability (PEP) analysis [17, 39].

Unlike conventional subblock-wise analysis, we consider the entire transmitted

vector x ∈ CN×1 to capture the global error characteristics of the multi-mode

index modulation scheme. The conditional pairwise error probability quantifies

the likelihood that the ML detector decides in favor of an incorrect vector x̂ when

the true transmitted vector is x, given perfect knowledge of the effective channel

matrix Heff .

7.5.1 Conditional Pairwise Error Probability

From the DAFT-domain received signal (7.5), the ML decision metric is

x̂ML = argmin
x∈X
∥y−Heffx∥2 , (7.17)

where X denotes the set of all valid AFDM-MM-IM codewords. The conditional

pairwise error probability, conditioned on the channel realization Heff , is

Pr(x→ x̂ |Heff) =Q

⎛⎝√︄Es δ2

2N0

⎞⎠ , (7.18)

where Q(·) is the Gaussian Q-function, Es is the average symbol energy, and the

effective squared Euclidean distance is

δ2 = ∥Heff(x− x̂)∥2 = (x− x̂)H HH
effHeff (x− x̂). (7.19)

Defining the error vector e = x− x̂ and the error correlation matrix Φ = eeH , the

effective distance can be expressed as

δ2 = tr(HH
effHeffΦ) = tr(ΦHH

effHeff), (7.20)
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where tr(·) denotes the matrix trace.

To enable analytical tractability, we use the widely adopted exponential approx-

imation of the Q-function

Q(x)≈ 1
12 exp

(︄
−x

2

2

)︄
+ 1

4 exp
(︄
−2x2

3

)︄
. (7.21)

Substituting (7.21) into (7.18),

Pr(x→ x̂ |Heff)≈ 1
12 exp

(︄
−Es δ

2

4N0

)︄
+ 1

4 exp
(︄
−Es δ

2

3N0

)︄
. (7.22)

7.5.2 Unconditional Pairwise Error Probability

The unconditional pairwise error probability is obtained by averaging the conditional

pairwise error probability over the distribution of Heff

Pr(x→ x̂) = EHeff {Pr(x→ x̂ |Heff)}

≈ 1
12EHeff

{︄
exp

(︄
−Es δ

2

4N0

)︄}︄
+ 1

4EHeff

{︄
exp

(︄
−Es δ

2

3N0

)︄}︄
.

(7.23)

For a Rayleigh fading channel where the effective channel coefficients follow a

circularly symmetric complex Gaussian distribution, the channel correlation matrix

is

C = E
{︂
vec(Heff)vec(Heff)H

}︂
, (7.24)

where vec(·) is the vectorization operator. The eigenvalue decomposition C =

QDQH provides the eigenvectors Q and the diagonal matrix D = diag(λ1,λ2, . . . ,λr)

of nonzero eigenvalues, with r = rank(C) the diversity order. Writing the effective

channel matrix as Heff = QD1/2U with U an r×N matrix of i.i.d. CN(0,1) entries,

the effective distance reduces to

δ2 = uHDΨu, (7.25)
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where u = Ue and Ψ = QHΦQ. Using the moment generating function approach,

the expectation in (7.23) evaluates to

EHeff

{︂
exp

(︂
−αEs δ

2
)︂}︂

= 1
det(IN +αEs ΦC) , (7.26)

where α ∈ {1/(4N0),1/(3N0)} for the two terms in (7.23). Therefore, the uncondi-

tional pairwise error probability for AFDM-MM-IM is

Pr(x→ x̂)≈ 1
12det

(︂
IN + Es

4N0
ΦC

)︂ + 1
4det

(︂
IN + Es

3N0
ΦC

)︂ . (7.27)

7.5.3 Average Bit Error Probability

The average bit error probability is computed by averaging the unconditional

pairwise error probability over all error events, weighted by the corresponding

number of bit errors. Let X denote the set of all W = 2b valid AFDM-MM-IM

codewords, where b=Gg is the total number of bits transmitted per AFDM frame.

The average bit error probability is

Pb ≈
1
bW

∑︂
x∈X

∑︂
x̂∈X
x̂ ̸=x

Pr(x→ x̂)dH(x, x̂), (7.28)

where dH(x, x̂) is the Hamming distance between the bit sequences corresponding

to x and x̂. Equation (7.28) provides a tight analytical approximation to the BER

of AFDM-MM-IM under ML detection over doubly dispersive channels, with the

approximation becoming increasingly precise at high SNR where the exponential

Q-function approximation in (7.21) is tight.

7.6 Spectral Efficiency

Spectral efficiency (SE) measures the number of information bits transmitted per

DAFT-domain resource element per unit bandwidth. In classical AFDM, every one



Spectral Efficiency 179

of the n DAFT-domain subcarriers of a subblock carries a single symbol drawn

from an MAFDM-ary constellation, so

SEAFDM = log2MAFDM. (7.29)

AFDM-IM activates only K out of n subcarriers and uses the choice of which K

are active to convey ⌊log2
(︂

n
K

)︂
⌋ index bits, with each active subcarrier transmitting

a symbol from an Mmod-ary constellation

SEIM =
⌊log2

(︂
n
K

)︂
⌋+K log2Mmod

n
. (7.30)

AFDM-DM-IM uses all n subcarriers, assigning each to one of two distinguishable

constellations of sizes MA and MB and carrying ⌊log2
(︂

n
K

)︂
⌋ index bits through the

assignment pattern

SEDM =
⌊log2

(︂
n
K

)︂
⌋+K log2MA +(n−K) log2MB

n
. (7.31)

The proposed AFDM-MM-IM maximizes the index-modulation flexibility by using

a full permutation of n distinct M -ary constellations across the n subcarriers,

carrying ⌊log2(n!)⌋ index bits and n log2M modulation bits

SEMM = ⌊log2(n!)⌋+n log2M

n
. (7.32)

By fully using every subcarrier and exploiting factorial-order indexing, AFDM-

MM-IM matches or exceeds the spectral efficiency of AFDM-DM-IM, AFDM-IM,

and classical AFDM, while delivering superior diversity and BER performance at

the same spectral efficiency.

As an example, for n = 4, K = 2, MAFDM = 4, Mmod = 8, MA = 4, MB = 2,

and M = 2, all four schemes attain an average spectral efficiency of 2 bits/s/Hz.

Classical AFDM reaches it via its 4-ary constellation, since log2 4 = 2. AFDM-IM
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conveys ⌊log2
(︂

4
2

)︂
⌋ = 2 index bits and two 8-ary symbols per subblock, yielding

(2+2 ·3)/4 = 2. AFDM-DM-IM carries two index bits and two symbols each from

MA and MB, giving (2+4+2)/4 = 2. AFDM-MM-IM uses factorial indexing with

⌊log2 24⌋= 4 bits together with four BPSK symbols, giving (4+4)/4 = 2. Although

the nominal spectral efficiencies coincide, only AFDM-MM-IM achieves it through

full factorial indexing and full resource utilization, which underpins its superior

diversity and BER performance without any increase in bandwidth.

7.7 Computational Complexity Summary

Table 7.2 summarizes the dominant complexity of the proposed detectors for

AFDM-MM-IM with N subcarriers, subblock length n, and constellation size M

for each mode.

Table 7.2: Computational complexity of AFDM-MM-IM detectors
Stage Complexity
MMSE equalization O(N3)
LLR-based greedy detection O(n2M)
Viterbi-based trellis detection O(n2n +nM)
Sphere decoding (worst case) O(n!Mn)
Sphere decoding (average) O(nα), 1< α < n

The MMSE equalization stage is dominated by the inversion of the N ×N

matrix HH
effHeff + σ2IN , with the matrix-vector products that follow incurring

O(N2) each. The LLR-based greedy detector evaluates |z(g)
i − s|2 for all s in

each of the n modes for each of the n subcarriers, yielding O(n2M) per subblock.

The Viterbi-based trellis detector precomputes the cost matrix at O(nM) and

updates path metrics over the trellis at O(n2n), plus symbol demodulation at

O(nM). The sphere decoder has worst-case complexity O(n!Mn) when no pruning

occurs, but the average complexity scales as O(κnα) with 1 < α < n, with the

constant κ dependent on SNR and channel statistics. Enumeration strategies such
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as Schnorr-Euchner and radius adaptation heuristics further reduce the average

sphere decoding complexity.

7.8 Simulation Results

The simulation results assess the performance of the proposed AFDM-MM-IM

system. The carrier frequency is fc = 4 GHz and the chirp subcarrier spacing is

∆f = 4 MHz. The channel includes scenarios with different multipath conditions,

with P = 4 representing a four-tap channel at a maximum user velocity of 1200

km/h. The chirp parameter is c1 = (2(αmax + ξν)+1)/(2N).

Figure 7.3: BER performance of AFDM-MM-IM using n-mode constellations under
the AWGN channel with BPSK

Fig. 7.3 illustrates the BER of AFDM-MM-IM with BPSK constellations under

an AWGN channel for N = 120. In MM-IM, each subcarrier within a subblock is

modulated using a symbol from one of the n distinct constellations, so varying

n from 2 to 6 effectively changes the number of modes within each subblock and

enhances the diversity of the symbol mapping. The BER decreases consistently
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with n. At 10 dB SNR, the BER reduces from approximately 10−5 for n = 2 to

about 10−5.8 for n= 6, indicating an SNR gain of approximately 0.8 to 1 dB. The

improvement arises because additional mode permutations enhance the ability of

the system to separate transmitted symbols even under BPSK modulation, leading

to better error resilience.

Figure 7.4: BER performance of AFDM-MM-IM using n-mode constellations under
the doubly dispersive channel with BPSK

Fig. 7.4 and Fig. 7.5 report the BER performance of AFDM-MM-IM with

BPSK and QPSK modulation under a high-Doppler doubly dispersive channel with

N = 120, λmax = 4, and νmax = 2. The detector uses MMSE equalization followed

by LLR-based greedy detection. For BPSK, the BER decreases consistently with

n, demonstrating the effectiveness of multi-mode index modulation in exploiting

diversity. At 20 dB SNR, the BER drops from approximately 2×10−5 for n= 2 to

below 5×10−6 for n= 6, an SNR gain of about 1.5 to 2 dB at a target BER of 10−4.

The MMSE equalizer mitigates channel-induced distortion and the LLR-based

detector provides soft metrics over all mode-symbol combinations, ensuring robust

performance under Doppler. For QPSK the trend is similar but the mode-diversity
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Figure 7.5: BER performance of AFDM-MM-IM using n-mode constellations under
the doubly dispersive channel with QPSK

gains become more pronounced at higher SNR. At 40 dB, the BER improves from

approximately 1.5×10−4 for n= 2 to about 3×10−5 for n= 6, with an SNR gain

of 3 to 4 dB at a target BER of 10−4.

Fig. 7.6 and Fig. 7.7 report the BER performance of the three detectors at n= 4

for BPSK and QPSK respectively. All schemes apply MMSE equalization first.

For BPSK, the Viterbi-based detector consistently outperforms the others across

the SNR range, achieving approximately 1.2 dB gain over the LLR-based detector

and around 0.6 dB over the sphere decoder at a BER of 10−4. The trellis-based

optimization captures the best permutation path at manageable complexity, while

the sphere decoder is slightly behind due to early pruning at lower SNR and the

LLR-based approach incurs a penalty from its greedy mode assignment. For QPSK,

the gains are more pronounced due to the denser constellation. At a BER of 10−5,

the Viterbi detector provides approximately 4 dB gain over the LLR-based detector

and about 2 dB over the sphere decoder, with the sphere decoder approaching the

Viterbi performance near 35 dB. The Viterbi and sphere decoding detectors are
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Figure 7.6: BER performance of AFDM-MM-IM with n = 4 under different detection
schemes with BPSK modulation

Figure 7.7: BER performance of AFDM-MM-IM with n = 4 under different detection
schemes with QPSK modulation



Simulation Results 185

therefore the preferred choices for AFDM-MM-IM in highly dispersive channels,

especially at higher modulation orders.

Figure 7.8: Comparison of the theoretical BER upper bound and the simulated
BER of AFDM-MM-IM with n = 3, BPSK, and ML detection for different P

Fig. 7.8 demonstrates the agreement between the theoretical BER derived in

Section 7.5 and the simulated BER of AFDM-MM-IM under ML detection. The

system parameters are N = 6, λmax = 1, νmax = 1, with n= 3 modes using distinct

BPSK constellations evaluated for P = 2,3, and 4 multipath components. The

theoretical curves computed using the moment generating function framework of

(7.27) and (7.28) exhibit excellent agreement with the Monte Carlo simulations

across all SNR values. As P increases from 2 to 4, both the simulated and theoretical

curves show improved BER due to enhanced multipath diversity. At a BER of 10−4,

the P = 4 configuration achieves approximately 3 dB gain over P = 2, validating

the diversity benefits captured by the theoretical model.

Fig. 7.9 compares AFDM-MM-IM, AFDM-DM-IM [21], and classical AFDM

at the same compact system size N = 6. The configurations are AFDM-MM-IM
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Figure 7.9: Comparison of AFDM-MM-IM, AFDM-DM-IM, and classical AFDM
at comparable spectral efficiencies

with n= 3 and distinct BPSK modes giving 1.67 bits/s/Hz, AFDM-DM-IM with

n = 2 and dual distinct BPSK constellations giving 1.5 bits/s/Hz, and classical

AFDM with QPSK giving 2 bits/s/Hz. AFDM-MM-IM demonstrates superior error

performance across all multipath scenarios. For P = 2, AFDM-MM-IM reaches a

BER of 10−4 at approximately 14 dB, with gains of about 3 dB over AFDM-DM-IM

and 5.5 dB over classical AFDM. The advantage grows with multipath diversity,

with AFDM-MM-IM reaching a BER of 10−5 at approximately 20 dB for P = 3

while the baselines require significantly higher SNR. The factorial-order indexing of

AFDM-MM-IM with ⌊log2(3!)⌋= 2 index bits and full subcarrier utilization gives an

enhanced minimum Euclidean distance and better exploitation of both multipath

and mode diversity, compared to the dual-mode indexing of AFDM-DM-IM and

the absence of indexing in classical AFDM.

Fig. 7.10 compares the BER of AFDM-MM with OTFS-MM [26] for subblock

lengths n= 2,3, and 6 using distinguishable BPSK modulation across all modes,

with N = 120, λmax = 4, and νmax = 2. The BER improves as the subblock length
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Figure 7.10: BER performance comparison of AFDM-MM and OTFS-MM for
different subblock lengths under the high-Doppler channel

Figure 7.11: BER performance comparison of AFDM-MM, OTFS-MM, and OFDM-
MM for n = 4 under the high-Doppler channel
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increases due to enhanced index diversity and better utilization of the permutation

space. Across all values of n, AFDM-MM consistently outperforms OTFS-MM,

owing to the superior delay-Doppler localization and Doppler robustness of the

DAFT-domain representation of AFDM compared to the symplectic delay-Doppler

grid of OTFS. The advantage becomes more evident as n increases, with AFDM-

MM reaching a BER of 10−5 at approximately 16 dB for n= 6 while OTFS-MM

lags slightly behind.

Fig. 7.11 compares AFDM-MM, OTFS-MM, and OFDM-MM [22] at a fixed

subblock length n= 4. AFDM-MM and OTFS-MM both significantly outperform

OFDM-MM across the entire SNR range. OFDM suffers in doubly dispersive

channels due to its lack of delay-Doppler diversity, whereas both AFDM-MM

and OTFS-MM exploit the delay-Doppler structure of the channel. AFDM-MM

slightly outperforms OTFS-MM in the medium-to-high SNR regime due to its

affine basis functions that offer better orthogonality and reduced inter-symbol

interference under high Doppler. At a BER of 10−4, AFDM-MM and OTFS-MM

reach the target at approximately 11 dB while OFDM-MM requires more than 17

dB, reflecting a 6 dB gain.

Figure 7.12: Spectral efficiency comparison for AFDM-based schemes with n = 4,
K = 2, and constellation size 4
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Fig. 7.12 illustrates the spectral efficiency comparison among the AFDM-based

schemes. For n = 4, K = 2, and a common constellation size of 4, classical

AFDM achieves log2 4 = 2 bits/s/Hz. AFDM-IM with K = 2 active subcarriers

conveys ⌊log2
(︂

4
2

)︂
⌋= 2 index bits and 2log2 4 = 4 modulation bits, giving (2+4)/4 =

1.5 bits/s/Hz, suffering from the inactive carriers. AFDM-DM-IM uses all four

subcarriers with two constellations of equal size, carrying 2 index bits and 4+4 = 8

modulation bits, giving (2+8)/4 = 2.5 bits/s/Hz. AFDM-MM-IM uses factorial

indexing with ⌊log2 24⌋= 4 bits together with four M = 4 symbols (another 8 bits),

giving (4+8)/4 = 3 bits/s/Hz. AFDM-MM-IM thus achieves the highest spectral

efficiency without any increase in bandwidth, by fully using every subcarrier and

exploiting factorial-order indexing.

7.9 Summary

This chapter developed AFDM-MM-IM, a multi-mode index modulation scheme

that activates every subcarrier of a subblock and modulates it with a symbol drawn

from one of n distinct constellations, with the full permutation of modes across

the subblock carrying ⌊log2(n!)⌋ index bits. Both a look-up table method and a

factorial-base permutation method were presented for the index-to-permutation

mapping, with the factorial method preferred at large n due to its memory efficiency.

Three detectors of increasing accuracy and decreasing efficiency were developed.

The LLR-based greedy detector decoupled mode assignment from symbol detection

through subcarrier-wise log-likelihood metrics, with a per-subblock cost quadratic

in n and linear in M . The Viterbi-based trellis detector formulated the mode

assignment as a shortest-path problem over a binomial-state trellis using a dynamic

programming recursion, with a per-subblock cost of O(n2n) that is significantly

lower than the factorial cost of joint ML detection. The sphere decoding based

near-ML detector performed a depth-first branch-and-bound tree search over

the joint mode-symbol space, achieving near-ML accuracy at a sub-exponential
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average complexity. A pairwise error probability analysis of the average bit error

probability was derived using the moment generating function of the codeword

difference correlation matrix and the exponential Q-function approximation, and

the theoretical bound was shown to match the simulated BER closely. Simulations

over the doubly dispersive channel with Jake’s Doppler model confirmed that

AFDM-MM-IM significantly outperforms both classical AFDM and AFDM-DM-IM

in BER at comparable spectral efficiencies, and outperforms OFDM-MM and

OTFS-MM in high-Doppler regimes. The factorial permutation construct and the

trellis and sphere decoding detection frameworks introduced in this chapter close

out the family of index-modulated AFDM schemes developed in Chapters 5, 6, and

7.



Chapter 8

Conclusion and Future Work

This chapter summarizes the work carried out in this thesis and outlines directions

for further research.

8.1 Conclusions

This thesis has addressed the design of waveforms and receivers for high-mobility

wireless communication, with particular emphasis on index modulation schemes

built on the AFDM waveform and the Bayesian and message-passing detectors that

recover information from them. The motivation throughout has been the observation

that AFDM, despite its strong fundamentals as a delay-Doppler waveform, has

received considerably less attention than OTFS in the context of index modulation,

and that several well-established techniques from the OFDM-IM and OTFS-IM

literatures have not been carried over to AFDM in any systematic way. The work

was organized in three phases, each building on the previous one.

The first phase developed two index modulation schemes built on OTFS as

foundational work for the AFDM chapters that follow. ESM-OTFS was proposed in

a MIMO setting, combining the delay-Doppler diversity of OTFS with the spectral

and energy efficiency of spatial modulation, supported by an MMSE based baseline

detector and a VBI detector that exploits the sparsity of the delay-Doppler transmit
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vector through a hierarchical Gaussian-Gamma prior. OTFS-GDM-IM was also

proposed with ML and LLR detectors. The MIMO-OTFS extension and the VBI

detection framework introduced in this phase recur in modified form in the AFDM

contributions of the later chapters.

The second phase established the canonical AFDM system model used through-

out the remainder of the thesis and developed three detectors that target different

operating regimes of AFDM. A low-complexity VAMP-CG detector was developed

that replaces the SVD step of standard VAMP, reducing the per-iteration complex-

ity from cubic to quadratic in the number of subcarriers without measurable loss in

BER. An MP-PIC detector was developed that exploits the complete delay-Doppler

separation of propagation paths in the DAFT-domain channel matrix, construct-

ing independent Bayesian estimates from each resolvable path and combining

them through reliability-weighted decision statistics combining. A VB detector for

AFDM with low-resolution ADCs was also developed, incorporating the truncated

Gaussian likelihood induced by quantization directly and maintaining effective

operation at 3-bit and 4-bit resolutions where Bussgang-based linear receivers

exhibit a pronounced BER floor.

The third phase developed four AFDM-based index modulation schemes together

with the detectors required to support them. AFDM-GIM relaxed the fixed-

activation constraint of AFDM-IM by permitting the active-subcarrier count per

subblock to vary across a permitted set, while AFDM-QIM extended subcarrier

indexing to the in-phase and quadrature components independently. A VB-SBL

detector was developed for the AFDM-IM family, exploiting the structured sparsity

of the transmit vector through a hierarchical Gaussian-Gamma prior. AFDM-

DM-IM was proposed that activates every subcarrier with one of two disjoint

constellations, supported by MMSE-ML and MMSE-LLR baselines together with

the VAMP-DMDIM and GAMP-DMDIM message-passing detectors that jointly

infer symbols and mode assignments through an inline belief propagation module.
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AFDM-MM-IM used full permutations of distinct constellations across subblock

subcarriers and was supported by an LLR-greedy detector, a Viterbi-style trellis

detector, and a sphere decoder. Closed-form BER bounds based on the pairwise

error probability framework were derived and shown to match the simulated BER

closely at moderate to high SNR. Together, these contributions establish AFDM

as a strong candidate waveform for 6G high-mobility communication.

8.2 Future Directions

While the schemes and detectors developed in this thesis demonstrate strong

performance under idealized channel and parameter settings, several practical and

methodological challenges remain.

A primary direction is the integration of channel estimation with detection. The

detectors proposed in this thesis assume perfect CSI at the receiver, and developing

joint channel-estimation-and-detection frameworks under fractional Doppler will be

an important next step. The variational Bayesian and message-passing machinery

used in the present work extends naturally to this setting, allowing the channel, the

noise statistics, and the symbols to be estimated within the same inference loop.

Another direction is the extension of the AFDM index modulation schemes to

MIMO settings. The MIMO-OTFS work in Chapter 3 was developed for ESM-

OTFS, but AFDM-GIM, AFDM-QIM, AFDM-DM-IM, and AFDM-MM-IM have

so far been studied only in single-antenna configurations. Extending these schemes

to MIMO raises additional design questions around antenna selection, spatial

diversity, and joint detection across antenna streams.

The integration of AFDM with RIS is a third area of interest. RIS-assisted

AFDM combines the delay-Doppler resilience of AFDM with the propagation

control offered by passive reflecting surfaces, and the index modulation schemes

proposed here can be combined with RIS-based phase configurations for both

communication and joint localization in high-mobility scenarios.
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A further direction lies in ISAC using AFDM index modulation. The path-

separation property of AFDM that the MP-PIC detector of Chapter 4 exploits is

also useful for delay-Doppler sensing of targets, and combining AFDM-IM with

ISAC would deliver simultaneous data transmission and target sensing within a

single waveform, which is particularly relevant for vehicular and UAV applications.

Model-based deep learning enhancements of the detectors developed in this

thesis offer a final promising direction. Deep unfolding of VAMP-CG, VB-SBL,

and the message-passing detectors can adapt denoiser parameters and damping

schedules to specific channel statistics while preserving the convergence guarantees

of the underlying inference framework.
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